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Abstract: We call geometric representation any representation of a group in the mapping class 
group of a surface. Let Ti g ^ be the orientable connected compact surface of genus g with b 
boundary components, and VA4od(Y, gi i>) the associated mapping class group preserving each 
boundary component. The main theorem of this paper concerns geometric representations of the 
braid group B n with n ^ 6 strands in VA4od(T lg j ) ) subject to the only condition that g ^ n/2. 
We prove that under this condition, such representations are either cyclic, that is, their images 
are cyclic groups, or are what we call transvections of monodromy homomorphisms, defined in 
the text. 

This leads to different results. They will be proved in later papers, but we explain for each 
of them how they are deduced from our main theorem. These corollaries concern five families 
of groups: the braid groups B n for all n ^ 6, the Artin groups of type D n for all n ^ 6, the 
Artin groups of type E n for n € {6, 7, 8}, the mapping class groups VMo&lYig^) (preserving 
each boundary component) and the mapping class groups A4od(£ 9 j,, d'Sg b) (preserving the 
boundary pointwise), for all g ^ 2 and all b ^ 0. For each of these five families except the Artin 
groups of type E n , we are able to describe precisely the (always remarkable) structure of the 
endomorphisms . 
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1 Introduction 

Some theorems have been established concerning injective endomorphisms of the braid groups 
or the mapping class groups. For both families of groups, the outer automorphisms groups were 
first computed, in 1981 by Dyer and Grossman, [DyGr], for the braid groups, and in 1986 - 
1988 by Ivanov, [Ivl], and McCarthy, [Mcl], for the mapping class groups. Later, again for both 
families of groups, the set of the injective endomorphisms was described, in 1999 by Ivanov and 
McCarthy, [IvMc], for the mapping class groups, and in 2000 by Bell and Margalit, [BeMa], for the 
braid groups. For both families of groups, the previous authors could say a little more on injective 
endomorphisms between two different braid groups or the mapping class groups of two distinct 
surfaces, with strong restrictions, though. Our main theorem concerns the homomorphisms from 
the braid group in the mapping class group, making the bridge between both families of groups. 
As corollaries, we are able to prove the previous theorems and even to strengthen them by getting 
rid of the injective hypothesis. 

1.1 Presentation of the main objects 

The surfaces in this paper will always be compact, orientable and oriented 2-manifold whose 
each connected component is of negative Euler characteristic. They may have nonempty bound- 
ary. Classically, we denote by dT, the topological boundary of a surface £ and we denote by S 9i f, 
the connected surface of genus g with b boundary components. Implicitly, g and b will always 
satisfy 2 — 2g — b ^ —1. 

The mapping class groups A4od(S) of a surface £ is the group of isotopy classes of orientation- 
preserving diffeomorphisms of S. We denote by VA4od(T,) the finite index subgroup of 7Wod(S) 
consisting of elements of .Mod(X) that permute neither the connected components, nor the 
boundary components. 

A geometric representation of a group G is a homomorphism from G in the mapping class 
group of some surface For instance, J. Birman, A. Lubotsky and J. McCarthy have shown in 

[BiLuMc] that the maximal rank of the abelian subgroups of the mapping class group A / fod(E g fe) 
is equal to 3g — 3 + b. In other words, they have shown that the group Z n has faithful geometric 
representations in .Mod(X 9! b) if and only if n ^ 3g — 3 + b holds. In this paper, we will investigate 
geometric representations of the braid group. 

The braid group B n on n strands is the group defined by the following presentation, which we 
will call the classic presentation: 



The generators of this presentation are called the standard generators of B n . 

1.2 The main theorems: Theorems [TJ [2] and [3] 

The aim of this paper is to describe all geometric representations of the braid group B n in 
the mapping class groups 7-\Mod(£ gi and A / Jod(S 9j 6, dY, g ^). The only hypothesis is that the 
number n of strands of B n and the genus g of the surface T> g ^ must satisfy: 




> 
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a < - 

whereas b is any nonnegative integer, as long as the surface S Sj 6 is of negative Euler characteris- 
tic. Notice that the elements of VA4od(T, g ^) and A4od(£, <9£ 9j ;,) do not permute the boundary 
components of the surface. Under these assumptions, we will show that all non-cyclic represen- 
tations (that is, whose images are not cyclic groups) of the braid group are "variations" of the 
classical monodromy representations defined below. As an illustration of this fact, when n is 
odd, all non-cyclic representations of B n are not far from being conjugate from each other. 

A monodromy representation of B n will be a geometric representation of B n which sends the 
different standard generators of B n on distinct Dehn twists (or their inverses). We recall that 
the Dehn twist T c along a simple closed curve c in a surface £ is the mapping class of A / Jod(S) 
defined as follows. Let A denote an annular neighbourhood of c. Then T c is the isotopy class of 
the homeomorphism which is the identity on S\int(^4) and transforms the interior of A as shown 
in Figure [TJ Remember that two Dehn twists T a and along two distinct curves a and b verify 




Figure 1: a Dehn twist along a curve c. 

T a Tf,T a = TbT a Tb if and only if the curves a and b meet in one point, whereas they commute if 
and only if the curves a and b are disjoint. Consequently, a monodromy representation of B n 
can be characterized by the data of an integer e £ {±1} and a n-chain of curves, that is to say 
an ordered (n — l)-tuple of curves (a±, 02, . . . , a n —i) such that for all i, j £ {1, . . . , n — 1}, the 
curves a% and aj are disjoint when |£ — j\ 7^ 1, and intersect in exactly one point when \i — j\ = 1. 
So the monodromy representation p associated to the couple ( (oj, 02, ... , a n -i)) e) is defined 
by setting for all i ^ n — 1: 

p{n) = T a% £ . 

Let n be an integer greater than or equal to 3. Let G be any group, p a homomorphism from 
B n to G and w an element lying in the centralizer of p(B n ) in G. The transvection p\ of p with 
direction w is the homomorphism defined by setting for all i ^ n — 1: 

Pi{n) = p{ri) w. 

A transvection of a monodromy representation p of B n is thus characterized by a (unique, 
as will be shown later) triple ((ai, a®, . . . , a n _i), e, W) where W is a mapping class which 
preserves each curve Oj, £ ^ n — 1, and is defined by setting for all i ^ n — 1: 

p{r i )=T a ^W. 

We denote by the tubular neighbourhood of the union of the curves where i ranges from 
1 to n—l. As will be shown in Proposition 13. 9( W must preserve S(p) and induces in A4od(E(p)) 
either the identity or the hyper- elliptic element related to the curves {a\, 02, . . . , a n -i), that is, 
the only involution of that preserves ai and that swaps both sides of its tubular neighbour- 
hood, for all i € {1, . . . , n — 1}. 
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A cyclic representation of B n is a representation whose image is cyclic. Equivalently, all the 
standard generators of B n have the same image. 

Here is the main theorems of this paper. 

Theorem 1 (Representations of B n in "PA4od(E) with n ^ 6). 

Let n be an integer greater than or equal to 6 and E a surface T g ^ with g ^ ^ and b ^ 0. Then 
any representation p of B n in 'P.Mod(E) is either cyclic, or is a transvection of monodromy 
representation. Moreover, such transvections of monodromy representations exist if and only if 

Let A / (od(E, dT) be the group of isotopy classes of all orientation-preserving diffeomorphisms 
that coincide with the identity on <9E. Then: 

Theorem 2 (Representations of B n in Aiod(E, dT) with n ^ 6). 
Theorem^ still holds when "PAlod(E) is replaced by A4od(E, dT,). 

In addition, we have an easy characterization of the faithfulness of the geometric representa- 
tions of B n when the genus verifies g ^ ^. 

Theorem 3 (Faithful geometric representation of the braid groups). 

Let n be an integer greater than or equal to 6 and T a surface T g ^ with g ^ ^. 

Let p be a homomorphism from B n to Alod(E, <9E) or to VA4od(T). 

(i) Case of A4od(T, dT,). The homomorphism p is infective if and only if it is a transvection 
of monodromy homomorphism such that the boundary components ofT(p) do not bound any disk 
in E. 

(ii) Case ofVMod(T). The homomorphism p is injective if and only if it is a transvection 
of monodromy homomorphism such that boundary components of E(p) do not bound any disk in 
T and at least one boundary component ofT(p) is not isotopic to any boundary component ofT. 

Theorems (TJ [2] and [3] answer the natural question: "What are the (injective and not injective) 
homomorphisms between two classical groups?". A similar work has been undertaken by E. Artin 
(cf. [At3]) and V. Lin (cf. [Ln2]) concerning the homomorphisms from B n to the symmetric group 
& m with m ^ n (Artin, 1947) and then with m ^ 2n (Lin, 1970 - 2004). However, the importance 
of Theorems [TJ [2] and [3] comes above all from their corollaries (see a quick description below, and 
a detailed description in Section [2]) . 



1.3 Summary of the Corollaries 

We will deduce the following from Theorems [lj [2] and [3] 

(i) description of the homomorphisms from B n to B m with m ^ n + 1. This generalizes a 
theorem of Bell and Margalit (see [BeMa]) to the non-injective case; 

(ii) triviality of A4od(T g j,) — > A4od(T g r b i) as soon as g' < g, which generalizes a theorem of 
W. Harvey and M. Korkmaz (see [HvKo]) to the nonempty boundary case; 



(iii) triviality of Alod(S g q) — > _Mod(£ g+ i 5 o), which is a partial answer to a conjecture of J. 
Berrick and M. Matthey (see [BkMt]) - this case can also be derived from the number 
theoritic conditions of [BkMt]; 

(iv) description of homomorphisms .Mod(£ gi &) — > 7Wod(S 9+ i i { ) ); which is a generalization in 
several ways of a theorem of N. Ivanov and J. McCarthy (see [IvMc]); 

(v) non-injectivity of all geometric representations of A(E n ) (n G {6, 7, 8}) in the expected 
mapping class groups. This completes a Theorem of B. Wajnryb (see [W]); 

(vi) description of the endomorphisms (and automorphisms) of A(D n ) which is a generalization 
in several ways of a theorem of J. Crisp and L. Paris (see [CrPa], Theorem 4.9). 



The major improvement of these theorems in comparison with older similar ones comes from 
the fact that we deal with homomorphisms instead of injective homomorphisms. In addition, 
we gather these various theorems as consequences of one single main result (essentially Theorem 
[2]) . In Section |2] we state precisely these corollaries and we explain how to prove them from 
Theorem [2] We postpone detailed proofs to further publications. However, the interested reader 
is referred to the author's Ph.D thesis for what concerns items (i) - (iv), cf. [Ca]. 



1.4 Outline 



The organization of this paper is as follows. We present in Section [2] the corollaries of Theorems 
[TJ [2] and [3] and explain briefly how the former can be deduced from the latter. In Section ??, we 
introduce the main definitions and fix the notations concerning surfaces and their mapping class 
groups. We also give some general results on mapping class groups that we shall use later on. 
Most of them are well-known. Those ones that are not are proved in the appendix section. In 
Section [3j we show an important result about lifting braid group geometric representations from 
■PTWod(S) to Mod(T,, 9S). We then deduce Theorems [2] and [3] from this result and Theorem 
[T] Sections [4] to []Xj] are devoted to the proof of Theorem [TJ The major tool will be Nielsen - 
Thurston's theory and the canonical reduction system, denoted by cr(F) for a mapping class F, 
which were introduced by Birman, Lubotzky, McCarthy and Ivanov in [BiLuMc] and [Iv2]. The 
key point of our proof will consist in finding a nice partition of cr(Ai) where the Ai are the images 
of the standard generators of the braid group for a given geometric representation. This is done 
in Section [7] 



2 Corollaries of Theorems [D, [2] and [3; Theorems m - CL5 

2.1 Homomorphisms between braid groups 

The description of the homomorphisms between braid groups involves the Garside element A n 
of the braid group B n , defined by A n = Ti{i~2T\) . . . (r n _ir ra _2 • • • T i), an d the unique involution 
Inv of the braid group that sends each standard generator on its inverse. 

Theorems [2] and [3] allow us to show the following. 
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Theorem 4 (Homomorphisms between braid groups). 

Let n and m be two integers such that n ^ 6 and 3 ^ m ^ n + 1. 

(i) Case where m < n: (fLnlj, 1982) any homomorphism <p from B n to B m is cyclic. 

(ii) Case where m = n: any noncyclic endomorphism ip of B n is a transvection of inner 
automorphism possibly precomposed by the involution Inv: there exist 7 € B n , e = ±1 
and k £ Z such that for all i ^ n — \, we have: 

^)=7r/ 7 - 1 A„ 2fc . 

Such a homomorphism <p is always injective and is an automorphism if and only if k = 0. 

(Hi) Case where m = n+1: let us consider the group B n as the subgroup of B n +i spanned by the 
n — 1 first standard generators of B n +\. Then, any homomorphism (p from B n to B n +± is 
the restriction to B n of a homomorphism from B n +\ in itself, up to transvection. According 
to item (ii), if ip is not cyclic, then there exist 7 € £> n +i> £ = ±1 an d k, £ 6 Z such that 
for all i ^ n — 1, we have: 

V 9(r 4 )=7T/A n 2fe 7- 1 A n+1 ^. 
Such a homomorphism <p is always injective (but never surjective) . 



Historically, the first result in this direction was found in 1981: Dyer and Grossman computed 
algebraically the outer automorphisms group of B n and shew that Out(23 n ) = Z/2Z for any 
n ^ 2. As we easily can show that nontrivial transvections of automorphisms of the braid groups 
are never onto, Theorem |4] provides a new proof of their theorem. In 1982, Lin shew that all 
homomorphisms from B n to B m with m < n are trivial (see [Lnl]). Then, in 2000, R. Bell and 
D. Margalit described all the injective homomorphisms from B n to B n and B n +\ (see [BeMa]). 
Their proof used an algebraic characterization of the braid twists in which the maximal rank of 
the abelian subgroups of B n played a central role (that is why they needed the homomorphisms 
to be injective). Keeping in mind these results, the new part of Theorem [4] is the following: 

The only non-injective homomorphisms from B n to B n or B n +\ are cyclic. 

In addition Theorem [4] provides a unified proof for all these results. 



Steps of the proof of Theorem [4j 

Step 1. Let m ^ n + 1 and let ip be a non-cyclic homomorphism from B n to B m . Let E be the 
connected surface of genus J with one or two boundary components depending on m. Let 
us denote by p a faithful representation of B m in A4od(S, <9X). Thus we have an (m — l)-chain 
of curves (cj)^ m _i such that for all i ^ m — 1, we have: 

p(n) = T Ci . (l) 

Let us consider the following commutative diagram. 

B n — > Xod(s, as) 




According to Theorem [2] p o <p is a transvection of monodromy homomorphism, so there exists 
a triple ((aj)j^ n _i, e, V^j such that for all i £ {1, 2, . . . , n — 1}, we have: 
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po C p( Ti )=T* i V. (2) 

Step 2. The existence of the (n — l)-chain of curves (aj)j<g n _i implies that n ^ m, whence 
Theorem |U(i). 

Step 3. We deduce from (1) and (2) that there exists a mapping class F lying in the normalizer 
of p{B n ) in A4od(X, <9X) such that F(ci) = aj. 

iSiep ^. This is the hard part: we have to compute the normalizer of p{B n ) in A / lod(S, <9X) and 
show that F can be chosen in p(B n ). Then for all i ^ n — 1, we have: 

r aj = p^ -1 )- (3) 

Step 5. It remains to see that V lies in p{B n ). Let f € B n such that V = p{v). We then have: 

po<p(Ti) = p^rfj^v). (4) 

But p is injective, so (4) implies: 

ip( Ti ) = 77/7- 1 v. (5) 

Since V lies in the centralizer of Im(poyj) and since p is injective, u must belong to the centralizer 
of (7Tj7 _1 , i ^ n — 1), so 7 -1 «7 belongs to the centralizer of £? n in B m , whence the expression 
of v. 



2.2 Homomorphisms between mapping class groups 

We introduce A / lod ± (E): the group of isotopy classes of all diffeomorphisms of X (they may 
inverse X's orientation). 

Preliminaries. 

• Homomorphisms from A4od(E, <9X) to A4od(X', <9X') induced by an embedding. 

Let X and X' be two connected oriented surfaces. Let F be the isotopy class of a possibly 
non-orientation-preserving embedding from X in X'. Then i 7 induces a homomorphism Adj? 
from A^od(X, <9X) to A^od(X', <9X') as follows. Let A G A4od(X, «9X) and let A be a dif- 
feomorphism of X that represents A. Let X" = F(Yi) and let F be a diffeomorphism from X 
into X" that represents F. Then the isotopy class of FAF' 1 belongs to .A4od(X", <9X") and 
induces canonically a mapping class in _Mod(X', <9X') which we denote by Adp(A). Such a 
homomorphism Adi? will be called the homomorphism from A4od(X, <9X) to .A/fod(X', 9X') 
induced by the embedding F. 

• Outer conjugations. In the above description, when X" = X', we can identify X' and 
X so that the embedding F becomes an element of A4od ± (X). The homomorphism Ad.F 
that we get is then an automorphism of A4od(X, 9X). In this case, Adi? will be called an 
outer conjugation by F. 

• Hyper-elliptic Involution. Given a surface X = X^;, with b G {0, 1, 2} and a m-chain 
of curves (aj)j^ m in X where m = 2g + 1 if b = 1 and m = 2g + 2 if b E {0, 2}. The 
hyper-elliptic involution o/X relative to (aj)j<g m is the unique involution of A4od(X) which 
preserves each curve a^, i ^ m. It can be represented by an angle tt rotation over an axis 5 
cutting the surface in m + 1 points. If X = X2.O) ah the hyper-elliptic involutions coincide 
and will be denoted by H; in this case, H spans the center of A4od(X2,o)- See Figure [2j 
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Figure 2: The mapping class H of .Mod(£2 o)j represented by the rotation H. 

• Cyclic homomorphisms from A4od(Y^2,b) m an y given group. A homomorphism 
from A^od(S2, b) hi any given group, with b ^ 0, is said to be cyclic if its image is cyclic. 

• Transvection of a homomorphism from the mapping class group in any group 

Let £ be a genus-2 surface, Ai one of the mapping class groups VA4od(Y,) or .Mod(£, 9£), 
and G any group. For any homomorphism \& from Ai to G and for any element g belonging 
to the centralizer of fy(At) in G such that g 10 = 1q, we will call transvection of ^ with 
direction g the homomorphism that associates ^f(T a )g to any Dehn twist T a along a 
non-separating curve a. 

Previous and new theorems. 

So far, the main result about homomorphisms between mapping class groups was given by 
N.V. Ivanov and J. McCarthy in 1999: 

Theorem 2.1 (Ivanov, McCarthy, [IvMc], 1999). 

Let £ be a surface £ 9i b and T,' be a surface ^ g ' t b' with g ^ 2 and {g' , b') 7^ (2, 0), and such that 
the inequality 

|(3 5 -3 + 6)-(3< 7 / -3 + 6 , )Kl 
holds. If there exists an infective homomorphism p from .A/fod(£) to A^od(E'), then £' is home- 
omorphic to £ and p is an automorphism induced by a possibly not orientation-preserving dif- 
feomorphism from S inYl . 

They have also completed this theorem by dealing with some cases when (g' , b') = (2, 0) 
or when g = 1. When £' = E, this theorem tells us that the mapping class group is co- 
Hopfian, that is, any injective endomorphism of A^od(E) is an automorphism. The computation 
of Out(.Mod(E)) also follows from this theorem. 

We turn now to the statements of our theorems. We first deal with the mapping class group 
relatively to the boundary. Theorem [5] is an existence theorem about nontrivial homomorphisms 
between mapping class groups. It is completed by Theorem |6] which provides a description of 
these homomorphisms. 

Theorem 5 (Existence of nontrivial homomorphisms from A^od(S, <9X) to Aiod(T,' , dT,')). 
Let E be a surface T, g ^ and £' a surface with g ^ 2 and g' ^ g + 1. 

• When g = 2, there exist some cyclic nontrivial homomorphisms from A / Iod(S2 ) b, dY^2,b) ^ n 
any mapping class group admitting a subgroup isomorphic to Z/2Z, Z/5Z or Z/10Z. When 
g ^ 3, there does not exist any cyclic nontrivial homomorphism. 
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• When g ^ 2, there exist some noncyclic homomorphisms from A^od(S, <9£) to .A4od(£', <9£') 
if and only if one of the two following conditions is satisfied: b ^ and g' ^ g, or b = 
and £' is homeomorphic to £. 

Theorem 6 (Homomorphisms from A4od(T,, <9£) to _Mod(X', <9£')). 

Let £ be a surface £ 9i ft and £' a surface £ 9 ',b' with g ^ 2 andg' 6 {g, <7+l}, and suc/i i/iai £' = £ 
ifb = 0. Any noncyclic homomorphism from .Mod(£, <9£) to A4od(S', <9£') is a homomorphism 
induced by the isotopy class of an embedding from £ in £', or possibly a transvection with direction 
H (the hyper-elliptic involution of A4od(T,2.o)) of such a homomorphism if g = 2 and (g' , b') = 
(2, 0). Moreover, ifb = 0, the homomorphism induced by the isotopy class of an embedding from 
£ in £' (up to transvection when £ = £' = £2,0 J *s an otitor conjugation. 

Let us now focus on the homomorphisms from VA4od(T,) to 'PA / (od(£ / ). In most of the 
cases, they also can simply be expressed from homomorphisms induced by an embedding. Given 
an isotopy class of an embedding F from £ in £' such that F sends the boundary components of 
£ on some boundary components of £' or on some trivial curves of £' (trivial means here isotopic 
to a point), we can define a homomorphism Adi? from 7 ? A / lod(£) to VA4od(T,') exactly like we 
defined the homomorphism AdF from A / lod(£,5£) to A4od(£', 9£'). Such a homomorphism 
Adp will be called the homomorphism from VA4od(Y,) to P.Mod(£') induced by the embedding 
F. When £' = £, AdF is an automorphism of "PA^od(£) that we will call the outer conjugation 
by F. The analogues of Theorems [5] and [6] when each boundary component is fixed only setwise 
are Theorems [7] and [8] 

Theorem 7 (Existence of noncyclic homomorphisms from VA4od(T,) to VAiod(T,')). 
Let £ be a surface T, g & and £' a surface £#',&' loii/i g ^ 2 and </ ^ <? + 1. 

• When g = 2 and on/y m i/ns case, toere exist some cyclic nontrivial homomorphisms from 
VM.od{T 1 2,b) in any mapping class group that admits a subgroup isomorphic to Z/2Z, Z/5Z 
or Z/10Z.' 

• When g ^ 2, i/iere exzsi some noncyclic homomorphisms from VA4od(T,) to 'PA / lod(£ / ) i/ 
and cm/y if g' = g and b' ^ 6. 

According to Theorem[71 studying all noncyclic homomorphisms from VA4od(T,) to 7 ? A / iod(£ / ) 
when g' ^ 5 + 1 comes down to studying them when g' = g and b' 6. This is the aim of Theorem 
E] below. 

Theorem 8 (Homomorphisms from 7-VWod(£) to 7-\Mod(£')). 

Let Tj be a surface T, g ^ and £' a surface £ g / y with g ^ 2, g' = g and b' ^ b. Let ^ be a noncyclic 
homomorphism from VModiT,) to 7-'A4od(£'). Then there exists an embedding F from £ in £' 
such that F sends the boundary components of £ on some boundary components of £' or on 
some trivial curves of £', and such that ^ is the homomorphism Ad^ induced by the embedding 
F, or possibly the transvection by the hyper- elliptic involution H (see the above Figure^) of the 
homomorphism AdF if g = 2 and (g 1 , b') = (2, 0). 

Among the homomorphisms between mapping class groups provided by Theorems [6] and 
let us determine the injective ones. 
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Theorem 9 (Injections from .Mod(£, d£) into A^od(S', dTf)). 

Let £ be a surface and £' a surface £ 9 ' 5 f/ with g ^ 2 and g' ^ 5 + 1. Then, a homomorphism 
from Alod(S, <9£) to A4od(S', is injective if and only if: 

• when b ^ 0: if it is induced, up to transvection when g = 2, by an embedding FofHin £' 
such that F sends the boundary components of X on pairwise distinct curves in 

• when 6 = and £' = E: if it is not cyclic (it is then an outer conjugation, or possibly a 
transvection of an outer conjugation when g = 2). 

Theorem 10 (Injections of £\Mod(£) into VMod(Y,')). 

Let £ be a surface S g & and £' a surface ^g'^b' with g ^ 2 and g' ^ 5 + 1. Then, a homomorphism 
from VModiTi) to VMod(T,') is injective if and only if the two following conditions hold: 

(i) the surfaces £ and £' are homeomorphic, 

(ii) the homomorphism is an outer conjugation (cf definition page\9\j, or possibly the transvec- 
tion with direction H of an outer conjugation when £' and £ are homeomorphic to £2.0- 

Comparison with Ivanov and McCarthy's Theorem (cf. Theorem 12. 1|) . 1999. 

The proof of Ivanov and McCarthy's Theorem is based on an algebraic characterization of 
the Dehn twists, which is possible only if the maxima of the ranks of the abelian subgroups of 
.Mod(£) and Mod(T,') differ from at most one. The proof then also requires that the considered 
homomorphisms are rank-preserving, hence the considered homomorphisms have to be injective. 

In this paper, instead of using the rank of abelian subgroups embedded in the mapping 
class group, we have used homomorphisms from the braid group to the mapping class group. 
Since these two groups are quite near (see for instance the similarities between braid twists and 
Dehn twists as generating sets) we get precise results without any injectivity hypothesis. Let us 
compare the results of Ivanov and McCarthy with ours. 

Results of Ivanov and McCarthy (1999) that are not covered in this paper: 

• For any nonnegative integer m and for any e in {0, 1}, there does not exist any injective 
homomorphism from _A/fod(£ g) ft_|_3 TO ) to _Mod(£ 9+mj b+s), where g ^ 2 and 6^0. It is 
noticeable that the hypotheses allow the genus of the surface at the target to be arbitrary 
large with respect to the genus of the surface at the source! 

• The elements of the considered mapping class groups can permute the boundary compo- 
nents. 

Our results (2010) that are not covered by Ivanov and McCarthy' paper: 

• Full description of the homomorphisms from 7Wod(S g dYi g 5) to ,Mod(X g / dT, g i^') 
where g' < g and g ^ 2, whatever b and b' are. Precisely, all these homomorphisms are 
trivial or cyclic. 

• Full description of the homomorphisms from _Mod(£ 9i b, dY^ gt b) to A^od(S 9 / i y, dY> g i^') 
where g' = g or g' = g + 1, and g ^ 2, whatever b and b' are. In these cases, there exist 
noncyclic homomorphisms, and only some of them are injective. 
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• We also prove these results in a slightly different frame: when the elements of mapping 
class group preserve each boundary component setwise instead of pointwise. 

More precisely, in this paper, we focus on homomorphisms between two mapping class groups 
associated to the surfaces E and S' with genera g and g' such that g ^ 2 and g' ^ 5 + 1, and 
whatever their numbers of boundary components are. We shall thus describe the following sets: 

• all the homomorphisms from .Mod(S, <9S) to A4od(T,', cffi') (cf. Theorems and [6} , 

• all the homomorphisms from 'P.Mod(S) to 7 7 A4od(S / ) (cf. Theorems [7] and [8]) , 

• all the injective homomorphisms from .Mod(S, 5S) to A^od(S', <9S') (cf. Theorem [9]), 

• all the injective homomorphisms from VA4od(T,) to VA4od(T,') (cf. Theorem II Op . 

Like Ivanov and McCarthy, we will mainly show that the nontrivial homomorphisms between 
mapping class groups are induced by some embeddings (the result is however slightly different 
when the genus of the surface S equals 2). 

Steps of the proof of Theorems [5] and [6j 

Step 1. Let S = and S'E^f/ be two surfaces with g, g' ^ 2 and g' ^ g + 1, and let <3? be 
a homomorphism from .Mod(S,<9S) to .Mod(S,<9S). Let n = 2g + 2, let /?o be a monodromy 
homomorphism from £> n to A4od(S, <9S). Thus there is a (2g + l)-chain of curves (aj)j^2g+i hi 
such that for all i £ {1, 2, . . . , 2(7 + 1}, we have: 

Po(T 4 )=r ai . (1) 

Now, let pi be the composition $0^ (see the following commutative diagram). 

7Wod(s, as) — - — ► Xod(s, as) 




Then, according to Theorem |2] pi is either cyclic or is a transvection of monodromy homomor- 
phism. 

(i) Suppose first that p\ is cyclic. Then <!>(T ai ) = <I>(T a2 ) = . . . We can show that the images 
by $ of a generating set of Dehn twists of A / lod(S, e?E) agree, so $ is cyclic. So <I> sends the 
commutator [A^od(S, <9S), .A4od(S, <9S)] on 1. But after a theorem of Korkmaz (cf. [Ko2]), 
the abelianization of .Mod(S, <9S) is trivial when g ^ 3, so [A4od(S, as), .Mod(S, dT,)] = 
7Wod(S, OS) and <3? is trivial. 

(ii) Suppose now that pi is a transvection of monodromy homomorphism. It means that 
there exists a triple ((aQj^2g+i; £, V) such that for all i E {1, 2, . . . , 2g + 1}, we have: 

p 1 (r l )=T^,V. (2) 

1 

Notice that g' has to be at least as great as g to allow the existence of the 2g + 1 chain of curves 
(&-)i^2g+i- This proves a large part of Theorem |5] 

iStep 2. We assume $ is not cyclic, we consider another (2g + l)-chain of curves (cj)^2g+i in S. 
Then, there exists a triple ((c'^i^g+i, K , W) such that for all i € {1, 2, . . . , 2(7+1}, we have: 

Pi(n) = T c fW. (3) 
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We can show that if a sub-3-chain of curves in (cj)j<g2#+i coincides with a sub-3-chain of curves 
in (ai)i^2g+li then k = e and V = W in (2) and (3). By showing a result of connectedness 
related to the set of the (2g + l)-chain of curves in X, we deduce that up to an orientation issue, 
$ sends each Dehn twist along a non-separating curve a on a Dehn twist along a non-separating 
curve composed by the same mapping class V independent from a. The orientation issue can 
be solved by replacing $ by the composition of by the "outer-conjugation" in .Mod(X) by a 
mapping class H lying in A / fod ± (S). 

Step 3. Using the fact that there exist special relations with Dehn twists coming from the fact 
that the abelianization of the mapping class group is trivial, we can deduce that V is trivial. 
Hence $ is "twist-preserving", which means that is sends Dehn twists along non-separating curves 
on Dehn twists along non-separating curves. Moreover, if a and c meet in or 1 point, then 
4>(T a ) and &(T C ) are two Dehn twists along two curves that meet respectively in or 1 point. 

Step 4- If S has no boundary, using a minimal generating set of A4od(X) consisting in Dehn 
twists along non-separating curves, the proof would be almost over, but in the general case, this 
is still far from being the case, since $ is not supposed to be injective. Indeed, different Dehn 
twist can be (and sometimes are) sent by $ on the same Dehn twist. Another big difficulty 
consists in showing that three Dehn twists cobounding a pair of pants are sent to three Dehn 
twists cobounding a pair of pants. These problems are solved by translating algebraically these 
topological issues, involving the existence of special extra curves. 

Step 5. Let A be a set of curves in X containing a {2g + l)-chain of curves and containing also 
additional curves to get a pant decomposition of X. It follows from Step 4 that there exists an 
embedding F from X to X' such that for any curve a belonging to A, we have F(a) = a' where 
a' is such that &(T a ) = T a >. We can now compare <I> with the outer conjugation by F and see 
that they agree. 

2.3 Endomorphisms and automorphisms of the mapping class group 

We complete the previous subsection by focusing on the injective homomorphisms from 
.Mod(X, <9X) to A4od(X', <9X') when X' = X. In particular, we obtain Ivanov and McCarthy's 
theorem stating that VMod(T,) is co-Hopfian (cf. [IvMc]). Theorems [5] and [6] allow us to state 
an equivalent theorem for A / Iod(X, <9X) as well (cf. Theorem HT1 below) . We will see that when 
6 = 0, the group A4od(X, <9X) satisfies a much stronger property (cf. item (i) of Theorems 
[IT]) , As in the previous subsection, and since the center of A / fod(X2,o) is nontrivial, the case of 
the surface X2,o is special. As it is not central in this paper, we will not recall the remarkable 
structure of Aut(A^od(2, 0)) which has been highlighted by McCarthy; the interested reader is 
referred to [Mcl]. 

Theorem 11 (Co-Hopfian property of A / lod(X, <9X) and structure of Aut(A / lod(X, (?X)), where 
S^X 2i0 ). 

Let X be a surface T, g & where g ^ 2. 

(i) The mapping class group .Mod(X, <9X) is co-Hopfian, that is, the injections are automor- 
phisms. 

(ii) Moreover, when 6 = and g > 2 (resp. 6 = and g = 2), all the nontrivial (resp. 
noncyclic) homomorphisms from A^od(X) are automorphisms. 
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From now on, we exclude the case (g, b) = (2, 0) for which the following would be wrong. 
(Hi) The map Ad : A^od ± (S) -> Aut(A4od(£, dT)) is an isomorphism. 

(iv) The outer automorphism group Out(.Mod(£, dT,)) of A4od(T, dT) is isomorphic to the 
direct product Z/2Z x @&, where (5& is the symmetric group on b elements. 



2.4 Rigidity/triviality of the homomorphisms from A^od(S 3 ) to A^od(S g / j0 ) 

Here is a discussion about the exceptional rigidity of the homomorphisms from A4od(£ Si o) 
to A4od(T g i t o). Let us begin by examining the case where g = 1. As always, the case g = 1 is 
special. 

Non-cyclicity of A / lod(Ei j o) — > A4od(S fl) o). We can construct non-cyclic homomorphisms 
from A / lod(Si j o) to A4od(S 9j o) when g ^ mod 3. Here is an example. For any k G N*, define 
an injection <p from B3 to 2?3fc defined as in Figure |3] where for all integers i, Aj denotes the 




Figure 3: Definition of the homomorphism (p. 

Garside element of B%. Check that with this definition of <p, we have: 

<p(A 3 ) = A 3k 

(Hint: in the braid corresponding to p(A 3 ), each strand crosses all the other strands exactly 
once). Now, let ip be the classical monodromy homomorphism from B 3 t to .A/fod(X 3j 5, dT g ^) 
where (g, b) = (^y^, l) if k is odd and (g, b) = 2) if k is even. We denote by d or by d\ 

and d2 the boundary curve(s) of T, depending on the parity of k. Then -^(A^ 4 ) = if k is odd 
and ^(A3fc 2 ) = T^ 1 T ( ^ 2 if k is even. Gluing a disk along d, or gluing disks along d\ and cfo induces 
a canonical homomorphism sq : A4od(T g dT g j,) — > .A/fod($] 9i o) whose kernel contains the 
subgroup (?/>(A3fc 4 )) of ip(B^k)- Since p(A 3 ) = A^, it follows that A3 4 belongs to the kernel of 
sq o ip o cp. But A4od(Si j o) is isomorphic to the quotient of B3 by the relation A3 4 = 1, so the 
homomorphism sqoip op induces a well defined homomorphism from _Mod(£i 5 o) to A4od(£ 9i o) 
for any integer g G {^^-, k G 2N+ 1} U {^p^, k G 2N}, that is, for any g coprime with 3. Thus 
we have shown the following proposition. 

Proposition 2.2 (Non-cyclicity of A4od(Si j o) —> A4od(E 3; o) for all g coprime with 3). 

For any g coprime with 3, there exist homomorphisms from A / Iod(Ei i o) to .Mod(E 9> o) that are 

non-cyclic. □ 



15 



However, as far as we know, the existence of non-cyclic (and even nontrivial) homomorphisms 
from 7Wod(S 9i o) to _Mod(£ g / j0 ) seems to be exceptional as the following results tend to let us 
think. 



Triviality of Mod(L g: o) — > -Mod^^o) when g ^ 3 and g' < g. This is a theorem due to 
Harvey and Korkmaz [HvKo] which is also included in our Theorem [6] 

Remember that according to Theoremlll[ there are very few homomorphisms from A4od(X 9i o) ~~ * 
A^od(S g ' j o) even when g = g'\ 

Rigidity of End(A4od(£ 9i o)) when g ^ 2. All non-cyclic (and even only nontrivial if g ^ 3) 
endomorphisms of A4od(£ 9i o) are automorphisms. 

Triviality of A4od(£ 9i o) —> Alod(S g / i o) when g 3 and g' > 5. This is an open question 
outlined in [BkMt] where J. Berrick and M.Mathhey conjecture that for any integer m > 1, then 
for all sufficiently large g, the only homomorphism from A4od(Y, g ^) to A4od(E 9+m) o) is the 
trivial homomorphism (see Conjecture 4.5). Their conjecture is inspired by a theorem they shew 
(see Theorem 4.4), asserting that for any integer m > 1, there are infinitely many values of g such 
that the only homomorphism from .Mod(X 9j o) to .Mod($] 9 + mj o) is the trivial homomorphism. 
Our Theorem [6] brings the answer ("yes") to their conjecture when m = 1: 

Theorem 12. Triviality of _Mod(£ 9 .o) — > -Mod^g+^o) for any g ^ 2 

For any integer g ^ 2, i/ie on/y homomorphism from A4od(E 3; o) £° -Mod^p+^o) is i/ie trivial 
homomorphism. □ 

Remark. Notice that according to Proposition 12. 2| not only do there exist nontrivial homomor- 
phisms from A^od(Si i o) to A4od(£2,o)i but even non-cyclic ones. 

2.5 Geometric representations of the Artin groups of type D n , E 6 , E 7 and E 8 

Let S be a finite set. A Coxeter matrix over S is a matrix M = (^c*/?) Q « e 5 indexed by 
the elements of S such that m aa = 1 for all a € S, and m Q( g = m^ a € {2,3,4, ...,+00} for all 
a, (3 £ S, a ^ f3. A Coxeter matrix is usually represented by its Coxeter graph T. This (labeled) 
graph is defined by the following data. The vertices of V are the elements of S. Two vertices 
a, (3 are joined by an edge if m a p = 3, and this edge is labeled by m a p if m a p ^ 4. For a, (3 € S 
and m € Z^2 we denote by w(a, (3 : m) the word aj3a ... of length m. Define the Artin group 
of type r to be the (abstract) group A(T) presented by: 



If the graph T is connected, then A(T) is said to be irreducible (it cannot be written as a 
nontrivial direct product). A small-type Artin group is an Artin group for which all the entries 
of the associated Coxeter matrix belongs in {2, 3}. Define the Coxeter group of type T to be the 
(abstract) group W(T) presented by: 



^ ' \ w(a,(3 : m a p) = w((3,a, : m a p) for a 7^ (3 and m a p < +00 ' 
An Artin group is said to be of spherical type if the associated Coxeter group in finite. In this 
paper, we are interested by irreducible Artin groups of small spherical type. After a work of 



A(T) = ( S I w(a, (3 : m a p) = w(j3, a, : m a p) for a 7^ (3 and m a p < +00 ). 
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Figure 4: Coxeter Graphs of type A n , D n and E, 



Coxeter (see below), these consist into two infinite families of Artin groups defined by Coxeter 
graphs A n and D n , as well as three exceptional Artin groups defined by Coxeter graphs Eq, E-j 
and Eg, see Figure [4] 

We recognize the group A(A n ) as being the braid group B n +i with n + 1 strands. Artin 
groups, also called generalized braid groups, were first introduced by Tits [Ti] as extensions of 
Coxeter groups. The finite irreducible Coxeter groups, and therefore the irreducible Artin groups 
of spherical type, were classified by Coxeter [Cx]. Coxeter groups have been widely studied. Basic 
references for them are [Bk] and [Hu]. In contrast, Artin groups are poorly understood in general. 

The automorphism groups of the (spherical type) Artin groups are beginning to be explored. 
Artin's 1947 paper [At3] was motivated by the problem of determining the automorphism groups 
of the braid groups (it is explicit in the introduction). However, the problem itself was only solved 
34 years later by Dyer and Grossman [DyGr]. Until now, except for the braid groups (1981), 
Artin groups of type B n (see [ChCr], 2005), and Artin groups of rank 2 (see [CrPa2], Theorem 
5.1, 2005), the only known significant result on the automorphism groups of spherical type Artin 
groups has been an extension of Artin's results of [At3] to all irreducible Artin groups of spherical 
type (see [CoPa], 2003), as well as the computation of the group of the automorphisms of A{D n ) 
which leave invariant some normal subgroup (it was unknown whether these subgroups were 
characteristic) (see [CrPa2], Theorem 4.9, 2005). 

Geometric representation of the Artin braid group of finite type. From now on, we 
assume that ^4(r) is an small-type Artin group. Let n be the cardinality of S. We denote by T\, 
T2, ■ ■ ■ , T n the elements of S in accordance with the labeled vertices in Figure [4] and we call them 
the standard generators. Let us consider a collection of annuli (Ai)i^ n . For each i ^ n, let 
be a non contractible curve in A4 \ dAi. For every couple (r^, tj) S S 2 such that m nTj = 3, we 
paste together a portion of Ai and a portion of Aj as illustrated on Figure [5] We thus obtain a 
surface that we denote by S(r), together with a special set of curves (aj)j^ n , see Figure [6] Let n 
be the cardinality of S. We denote the elements of S by n, T2, ■ ■ ■ , T n where the subscripts are 
coherent with the graphs in Figure 0] Then, we have a reference homomorphism p-p from A(T) 



to A4od(£(r), aE(r)) given by: 



PT ■ 




for all i < n. 
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Figure 5: Pasting together two annuli along a portion of each. 

a 2 



Z (£>„), wodd 



Z (D n ), n even 



Z(£ 7 ) 




Figure 6: The surface E(r) where r € { D n ; , n > 6} U {£ 6 , £7 7 , £ 8 }. 

A homomorphism from a small-type Artin group in any group will be said to be cyclic if its 
image is cyclic. Equivalently (thanks to the connectedness of the Coxeter graph), a homomor- 
phism is said to be cyclic if every standard generator is sent on the same element. A monodromy 
homomorphism from A(T) in the mapping class group of S(r) is a homomorphism which sends 
any two distinct standard generators on two Dehn twists along distinct curves. A homomorphism 
from A(D n ) in the mapping class group will be said to be a degenerate monodromy homomor- 
phism if T\ and T2 are sent on the same Dehn twist, all other standard generators being sent on 
Dehn twists on distinct curves. Transvections of such homomorphisms are defined as in the case 
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of the braid group. 

The next theorem is redundant with Theorem [2] in case where T = A n _i, and is a direct 
consequence of Theorem [2] when T G {D n , E n }, since according to a theorem of Van der Leek 
(cf. [VL] and [Pal]), ^4(r) contains A(A n _i) as a parabolic subgroup (that is, a subgroup spanned 
by some of the standard generators of A(T)). 



Theorem 13 (Geometric Representations of the irreducible Artin groups of small spherical 
type). 

Let T G {A n ^, D n ;,n^6}U {E 6 , E 7 , E 8 }. 

(i) For any connected surface X of genus g, homomorphisms from A{T) to .Mod(£, dT,) are 
cyclic if the genus o/S is less than the genus ofT,(T), that is, if g < |_§J forT G {A n , E n }, 
orifg<[^\forT = D n . 

(ii) For any connected surface X having the same genus as S(r), non-cyclic homomorphisms 
from A{T) to 7Wod(S, <9E) exist. They are transvections of (possibly degenerate in the case 
of D n ) monodromy homomorphisms. □ 



Whereas monodromy representations of A(T) are known to be faithful for T G {A n , D n } 
(see [BiHi] and [PeVa]), they are not faithful for T G {Eq, Ej, Eg} (see [W]). Hence Theorem [13] 
implies the following. 



Theorem 14. Geometric representations of A(Eq), A{Ej) and A(Eg) are not faithful 

Let r G {Eq, £7, Eg}. There is no injective homomorphism from A(T) to A / lod($](r), 9X(r)). 

□ 



2.6 Endomorphisms and automorphisms of the Artin groups of type D n 

Remember that the fact the monodromy representations of B n are faithful helped us to 
determine End(£? n ). In the same way, we can use the fact the monodromy representations of 
A(D n ) are faithful to compute End(^4(Z) n )). 



Theorem 15 (Endomorphisms and automorphisms of A{D n )). 
Let n ^ 6. 

(i) The non-cyclic endomorphisms of A{D n ) are the transvections of (possibly degenerate) 
monodromy homomorphisms. 

(ii) The injective endomorphisms of A(D n ) are the transvections of monodromy homomor- 
phisms. 

(Hi) The automorphisms of A{D n ) are the monodromy homomorphisms. 

(iv) out{A{D n )) { v/vr % n isodd > 

{ J \ \ n), •> Z/2Z x Z/2Z if n is even. 
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(v) The following short exact sequence splits, 



1 -> hm(A(D n )) -> Aut(A(D„)) -»• Out(A(D n )) -> 1 



and i/ie image of a possible section of Out(A(.D n )) to Aut(A(D n )) is the group spanned 
by Inv if n is odd, or the group spanned by Inv and 9 if n is even, where Inv is the 
automorphism that sends T{ to n^ 1 for all i € {1, 2, ... , n}, and 9 is the automorphism 
that swaps T\ and t<i and that fixes n for all i E {3, 4, . . . , n}. 

Steps of the proof. Let ipbe & non-cyclic endomorphism of A(D n ). Let S = X(D ra ). We start 
from the faithful representation po n : A(D n ) — > A / lod(S, 5S) (see [PeVa] for the injectivity). 
Let p = PD n ° f ( see the following commutative diagram). 



Let B n the braid group included in A{D n ) and spanned by Tj, with 2 ^ i ^ n. According to 
Theorem |2j the restriction of p to B n is a transvection of monodromy homomorphism. 

Step 1. The case where ^(ti) = (pfa) is easy to deal with. We exclude it, so that p{t\) ^ p{T2) 
(since prj n is injective). 

Step 2. Using the injectivity of Pd„, we show that (p is a transvection of monodromy homo- 
morphism. We show also that if (p is surjective, then the transvection part has to be trivial. 

Step 3. We characterize the elements of A / (od(S, <9E) that lie in pD n {A(D n )). They are the 
ones that lie in Pa„_ 1 {A{A n _\)) after having pasted a disk along the boundary circle of X that 
cobounded a pair of pants with a\ and a2- 

Step 4- We compute the normalizer J\fMod{Y;,dY;){PD n (A(D n ))) of p Dn (A(D n )) in 7Wod(S, <9£). 
Step 5. We finally show that po n induces the following isomorphs: 



Step 6. We then easily compute A{D n ) from step 5 and from the following remark. 

Remark. From the equality (1) we get a geometric interpretation about the difference between 
the odd and the even case for the computation of 0\it(A{D n )). The automorphism 9 corre- 
sponds in Aut(A / lod(S, <9£)) to an obvious inner automorphism when n is odd, and to an outer 
automorphism when n is even, since it has to permute two boundary circles. 

Remark. We deduce from Theorem 1151 and from Theorem 4.9 in [CrPa2] the answer to a 
question asked by J. Crisp and L. Paris in [CrPa2]: the kernel of the map tt£> : A{D n ) — > B n 
sending n and T2 on t\ and sending on Tj_i for all i ^ 3, which is a free group of rank n — 1, 
happens to be a characteristic subgroup of A{D(n)). 



A(D n ) 




kut{A(D n )) 
lmx{A{D n )) 



^Mo^^){pD n {A{D n ))), 

NvMod{ii){PD n (A(D n ))). 



(1) 

(2) 
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Proof of Theorems El and 



3 On monodromy homomorphisms 

3.1 Cyclic homomorphisms, monodromy homomorphisms and transvections 

Definitions of Cyclic homomorphisms, monodromy homomorphisms and transvections were 
given in Subsection 12,21 Here are some basic facts related to each of them. 

Lemma 3.1 (Criterion 1 for a homomorphism to be cyclic). 

Let n be an integer greater than or equal to 5, G any group and ip a homomorphism from B n to 
G. If there exist two distinct integers i and j in {1, 2, . . . , n — 1} and an nonzero integer k such 
that <p{T k ) = ip(Tj k ), then 

vin k ) = <p(r 2 k ) = ■■■ = <^(r n _i fc ) 
If k = 1, then ip is a cyclic homomorphism. 

Proof. For the simplicity of the proof, we assume that i = 1, but the case i / 1 works in a 
similar way. We introduce the element 5 = t\T2 ■ ■ ■ t„_i lying in B n . 

a) If j = 2, let us conjugate the equality tp(ri k ) = p(r2 k ) by 5^ for £ 6 {0, . . . , n — 3}. We 
get (/j(ri4^ fc ) = tp(T2+e k ) for all £, so the lemma follows. 

b) If j > 2, then let us assume that j < n — 1. The case j = n — 1 works in a similar way. 
Let us conjugate the equality <p{r\ k ) = ip(rj k ) by TjTj + \Tj. We get (p(T\ k ) = ip(rj + i k ), and so 
i f( T j k ) = y( r i+i fc )- Now, let us conjugate this last equality by 5 l ~i . We get ip{T\ k ) = (/ 9 ( r 2 fc ) so 
we have boiled down to the case a). □ 



Lemma 3.2 (Criterion 2 for a homomorphism to be cyclic). 
Any homomorphism from B n (n ^ 2) in an abelian group is cyclic. 

Proof. Recall that a homomorphism p from a group G in an abelian group A sends [G, G] on 
1a- Hence A is isomorphic to a quotient of the abelianization of G. Since the abelianization of 
B n is infinite cyclic (cf. [Bi]), the lemma follows. □ 

Lemma 3.3 (Criterion on the existence of monodromy homomorphisms). 

Let n be an integer greater than or equal to 3 and E a surface E g There exist monodromy 
homomorphisms from B n to "P.Mod(E) if and only if g ^ ^ — 1. 

Proof. Notice that the existence of monodromy homomorphisms only depends on the existence 
of (n — l)-chains of curves, and such a chain of curves exists if and only if g ^ ^ — 1. □ 

The following lemma shows how transvections arise naturally from central exact sequences of 
groups. Such sequences are frequent between mapping class groups. See for instance Proposition 
??.(iv)-(vi). 



21 



Lemma 3.4 (Criterion for two homomorphisms to be transvections the one of the other). Let 

1— >iV— >G— >G— >-l be a central exact sequence of groups, let n be an integer greater than or 
equal to 3 and let p and p' be two homomorphisms from B n to G such that tp o p = tp o p' . Then 

(i) p' is a transvection of p, 

(ii) p is cyclic if and only if ^ op is cyclic. 

Proof. Let us prove item (i). For all integers i in {1, . . . , n — 1}, there exists g\ G N such that 
p'(Tj) = p{ji)gi. We have then the following equalities, true for all integers i in {1, . . . , n — 1}: 

p'(n) p'(n+i) p'{n) = p{n) p{n +1 ) p(n) g { g i+1 g h 

p'(T i+1 )p'(Ti)p'(T i+1 ) = p(r i+ i) p{n) p(Ti+ 1 )g i+1 g i g i+1 . 
The braid relations in B n imply that the four members in these two equalities must be all equal. 
Therefore for any integer i in {1, 2, . . . , n — 1}, we have: 

9i 9i+l 9i = 9i+l 9i 9i+l ■ 

But for all i and j in {1, 2, . . . , n — 1}, the elements gi and gj commute, so they all are equal. 
Hence p' is a transvection of p. 

Let us prove now item (ii). If p is cyclic, then ip o p is cyclic. Conversely, if ip o p is cyclic, 
then it is clear that there exists a cyclic homomorphism p' such that V ° p' = 4> ° P- According 
to item (i), this implies that p is a transvection of p'. Hence p is cyclic. □ 

Homomorphisms of the same nature. Let us say that two homomorphisms p\ and p2 from 
the braid group to two possibly different mapping class groups are of the same nature if they 
both are cyclic or if they both are transvection of a monodromy homomorphism. Of course, if 
two homomorphisms are not on the same nature, we shall say that they are of different nature. 

Let £ be a surface and let Ai be a subgroup of A / lod(S) or of A4od(S, 9S). According to their 
definition, any transvection of monodromy homomorphism from B n to M can be characterized 
by the data of a (n — l)-chain (ai, . . . , a„_i) of curves in S, of an integer e € {±1}, and of a 
mapping class V that commutes with T ai for all i € {1, . . . , n — 1}. We are going to show that 
such a triple ( (cti, . . . , a n -\), e, V ) is unique. 

Lemma 3.5. (Uniqueness of the triple representing a transvection) 

Let n be an integer greater than or equal to 5, let £ be a surface, and let Ai be a subgroup of 
.Mod(E) or of _Mod(E, <9E). Let p be a transvection of monodromy homomorphism from B n to 
Ai such that there exist two triples ( (di, . . . , a n -i), V) and ( (ci, . . . , c n _i), i], W) satisfying 
the following for all i G {1, . . . , n — 1}: 

p(Ti) = T£V = TJ!W. 

Then, these two triples are equal. 

Proof. Given the properties of V and W, the computation of p^iT^ 1 ) leads to: 

(T ai T a -iy = ( Tci T c -iy . 

This is an equality between multitwists (for I(ai, 03) = I{c\, C3) = 0), so one of the following 
cases holds: 

either e = 77, a± = c\ and 03 = C3, (2) 
or e = —7], a\ = C3 and 03 = c\. (3) 

Similarly, the computation of ^(tit^ 1 ) leads to one of the following cases: 
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- either e = r], a\ = C\ and 04 = C4, (4) 

- or e = —T], a\ = C4 and 04 = c\. (5) 
The only compatible choice is that (2) and (4) hold. So e = 77, and V = W. Since for all 
i £ {1, . . . , n — 1}, we have T a e V = W, we then deduce the equality T ai = T Ci , and eventually 
the equality {a\, a 2 , ■■■ , a n -i) = (c%, c 2 , . . . , c n _i). □ 

According to Lemma 13.51 we can set the following definitions. 

Definition 3.6 (Characteristic elements of a transvection of monodromy homomorphism) . Let 
n be an integer greater than or equal to 4, E a surface, M. a subgroup of .Mod(£) or of 
A^od(S, dH). Let p be a transvection of monodromy homomorphism from B n to A4. 

• The characteristic triple of p is the unique triple f (aj,..., a n _i), e, V) such that for all 
i ^ n — 1, we have: 

p(7i) = T a ^ y. 

• We define: 

- the characteristic (n— 1)- chain of the transvection p, as being the (n— l)-chain (oj, . . . , a n _i), 

- t/ie characteristic sign of the transvection p, as being the integer e, 

- f/ie direction of the transvection p, as being the mapping class V. 

• We denote by S(p) the tubular neighbourhood of U a, where (cti)i<n-l is the characteristic 

i^n— 1 

(n — l)-chain of p. Notice that S(p) does not necessarily belong to <Sub(£), for the boundary 
components of S(p) can bound some disks in S. 

• The transvection /? determines a unique pair (p*, ip) of homomorphisms such that for all 
£ € <S n , we have: 

where, for all i ^ n — 1, we have: 

f = ^, 

I V(Ti) = V. 

The monodromy homomorphism p* and the cyclic homomorphism <p will be called respectively 
the monodromy homomorphism and the cyclic homomorphism associated to the transvection p. 

Thus, the decomposition of a transvection of monodromy homomorphism gives rise to two 
homomorphisms: a monodromy homomorphism p* determined by a (n— l)-chain of curves and a 
cyclic homomorphism determined by the direction of the transvection, which is a mapping class 
V belonging to the centralizer of p*{B n ) in A4. Therefore the computation of this centralizer is 
essential. This will be done in Proposition 13.91 



3.2 Proof of Theorem GS 

In this subsection, we show the links that exist between the sets Hom(£>„,, PTWod(S)) and 
Hom(B n , A4od(S, dT,)) cf. Proposition 13. 8( and we prove Theorem|2] Proposition 13. 8l is actually 
a corollary of the following lemma. 

Lemma 3.7. Let £ be a surface with a nonempty boundary. Let F and G be mapping classes in 
"P7Wod(S) such that F and G commute. Let F and G be the lifts in A4od(S, dT,) of respectively 
F and G. Then F and G commute. 
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Proof Let us start from the following central exact sequence linking A4od(E, dT) and VA4od(T): 

1 (T d , d G Bndy(S)) -)■ A4od(E, 5£) -> PMod(S) -> 1. (*) 

Then two lifts in A4od(E, 9E) of a same element of VAAod(T) differ from a central element. 
Therefore, in order to show the lemma, it is enough to show that, given two elements F and 
G in VAdod^) that commute, there exist two lifts F and G of F and G in _Mod(£, dT) that 
commute. So we start from two mapping classes F and G in 'PA / tod(S) that commute. 

1. Suppose first that F and G are periodic. Since E has a nonempty boundary, according to 
Lemma |A. 161 F and G span a cyclic group. Therefore there exists H G "PTWod(E) such that -F 
and G are both some powers of H. Let p and q be two integers such that F = H p and G = H q . 
Let H be a lift of H in _Mod(E, <9E). Then H p and i? 9 are some lifts of F and G that commute. 

2. We now turn to the case where F is pseudo-Anosov and G is periodic. Let us denote by 
F and G some lifts in M.od(T, <9E) of F and G respectively. Since FGF~ l = G, there exists a 
central mapping class V G A4od(E, <9£) such that FGF~ l = GV. Let p be the order of G and 
let W be the central mapping class of A4od(E, dT) such that G p = W. Then, we have on one 
hand: 

{FGF~ l ) p = FG p F~ l = FWF- 1 = W, (1) 
and we have on the other hand: 

(FGF~ l ) p = {GV) P = WV p . (2) 

When we compare (1) and (2), it comes out that V is trivial for A4od(E, dT,) is torsion-free. So 
F and G commute. 

3. If F and G are pseudo-Anosov, according to Proposition ??.(iv), there exist two nonzero 
integers p and q such that F p = G q . Let i and k be two integers such that Ip + kq = p A q = d. 
Let us set 

• H = F k G l (so H satisfies H p = G d and H q = F d ; hence H is pseudo-Anosov), 

• P = FiH' 1 )^ (so P d = 1 and F G (P, H)), 

• Q = GiH- 1 )^/^ (so Q d = 1 and G G (Q, H)). 

According to Lemma [A.16| since P and Q are two periodic mapping classes that commute, there 
exists a mapping class R G (P, Q) such that {P, Q) = {R). Thus F and G belong to the abelian 
group spanned by H and R. Then according to step 2., two lifts H and R of H and R in 
A4od(E, <9E) span an abelian group, too. Moreover, the latter contains two lifts F and G of F 
and G in A4od(E, dT,). In particular, i 7 and G admit two lifts F and G that commute. 

4. Let F and G be any two mapping classes of VA4od(T) that commute. Let A be the set 
of curves cr(F) U cr(G). Notice that ^4 is a simplex according to Proposition ??.(iii). 

4. a) Let us assume that F and G belong to V 'j_Mod(T) (i.e. F and G preserve each curve 
of the set A = cr(F) U a(G)). We are going to describe for any H G 7 ? ^A4od(E) a construction 
of a lift of H in Vj_A4od(T, dT), then we will apply it to F and G. First, let us consider the 
following commutative diagram where all the arrows are canonical (rec_4 comes from Proposition 
??, the three other homomorphisms have been introduced in Subsection ?? Definition ??): 
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H 3 G T A Mod(T, dT) Mod(Z A , dT A ) 3 H 2 



foraE 



for sz 



H 4 , H G V A Mod(T) — cut ^ > VMod(T A ) 3Hi,H 5 

For any H G 7-U.Mod(£), let us denote by 1 ^ i ^ 5, the following mapping classes, derived 

from when following the diagram above: 

• H i = cut^(F), so Fi G PTWod(S^), 

• tf 2 a lift of Hi in A^od(S^, aE^), so H 2 G 7Wod(S^, 02^), 

• H 3 = rec A {H 2 ), soff 3 eMod(S^, as x ), 

• H 4 = foi ds (H 3 ), so F4 G 7 3 ^A / Jod(S, <9£), 

• H 5 = cut A (H 4 ), so iT 5 G 7^Mod(XU). 

The diagram is commutative: forgs^ = (cut^)(forgs)(^ec_4), so Hi = H^. But we have the 
following central exact sequence: 

1 -»• T ->• ?VWod(£) ^> PMod(S^) -> 1 , (**) 

where T = (Td , d G -4). Hence and H 4 , the preimages of Hi and #5 by cut .4, differ from a 
multitwist along some curves of A. Hence, up to elements in T, the mapping class H 3 is a lift of 
H. 

Let us apply this to F and G. As F and G commute, F\ and Gi commute. But on each 
connected component of T A , the restrictions of F\ and Gi are periodic or pseudo-Anosov, so 
we can apply what was shown above in steps 1., 2. and 3., and deduce from it that F 2 and G 2 
commute. Hence F 3 and G3 commute as well. Now, as we just saw it with H, there exist T and 
T' belonging to T such that F = F 3 T and G = G 3 T' are some lifts of F and G. Moreover T and 
T' are central in V A Mod(T, dT) and in addition, F 3 and G3 commute, so F and G commute. 

4.b) In the general case, if F and G are any two mapping classes that commute, let us denote 
by F and G some lifts of F and G in _Mod(£, dT,). A priori, there exists a multitwist W along 
the boundary components such that FGF^ 1 = GW. Once again, let us set A = a(F) U a(G). 
Since F and G commute, they preserve globally A, so there exists a nonzero integer m such that 
F m and G m preserve A curve- wise. In other words, F m and G m belong to V A Mod(T,). So, 
according to 4. a), 

Now, the equality FGF~ l = GW implies that FG" 1 ^ 1 = G m W m , then 

2 ~ ~ 

So W m is trivial. But M.od{T, dT) is torsion-free, hence W is trivial and G and F commute. 

□ 



Proposition 3.8 (Lifting from Hom(S„, VMod(T)) in Hom(S n , Mod(T, dT))). 
Let n be an integer greater than or equal to 3, let T be a surface and p : B n — > VM.od{T) a 
homomorphism. Let us recall that we denote by for^S; or for, the canonical epimorphism from 
Mod(T, 8T) to VMod{T). Then: 

(i) There exists a homomorphism p : B n — >■ A^od(S, dT) such that for o p = p. 
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(ii) Such a homomorphism p is unique up to transvection, that is, if p~\ and p~2 satisfy for( pi) = 
for (fa) = p, then there exists V G Mod(T, dT) such that V is in the centralizer of p\(B n ) 
and of fa(B n ) and satisfies for all i G {1, . . . , n — 1}: 

fain) = fa(n)V. 

(Hi) Such a homomorphism p is cyclic if and only if p is cyclic. 

(iv) Such a homomorphism p is a transvection of monodromy homomorphism if and only if p 
is a transvection of monodromy homomorphism. 

Proof. 

(i) Let us start from the following central exact sequence: 

1 -> (T d , d G Bndy(S) ) -> Mod(T, dT) ^ VMod(T) 1. (*) 

For all £ G {1, . . . , n — 1}, let A{ be a mapping class of A4od(E, dT) such that for(^4j) = p(rj). 
Then for all £ G {1, . . . , n — 2}, we have: 

for(AA+iA) = tox{A i+l A i A i+l ), 
hence, according to the exact sequence (*), for all £ G {1, . . . , n — 2}, there exists a multitwist 
denoted by Wj along some boundary components of T such that 

AiAi+iAi = Ai + iAiA i+1 Wi. 

Let us set: 

f ^ := , 

\ ^ := AiW{W 2 ■ ■ ■ Wi-i when 2 < t < n - 1. 
Let us recall that the are central. Hence for all £ G {1, . . . , n — 2}, we have: 

A' A' A' — A' A' A' 

Besides, for all integers £ and j smaller than or equal to n — 1 such that |£— j\ ^ 2, the mapping 
classes A{ and commute, so according to Lemma [3. 7\ the mapping classes A\ and A'- commute 
as well. Finally the map p defined by 

Pin) = a\ 

is a homomorphism from B n to A1od(S, dT,). Moreover, by construction, we have for(p) = p. 

(ii) Let pi and p2 be two homomorphisms from B n to .Mod(£, dT) that satisfy for(pi) = 
for(p2). According to the central exact sequence (*), we can apply Lemma \3. 4 1 p 2 is a transvection 
of p 1 . 

(iii) According to Lemma 13. 4| p is cyclic if and only if p is cyclic. 

(iv) If p is a transvection of monodromy homomorphism, it is clear that for o p is still a 
transvection of monodromy homomorphism. Conversely, suppose that p is a transvection of 
monodromy homomorphism characterized by a triple ((aj)i^j^ n _i, e, V). Let V be a lift of V in 
A4od(S, <9E). For all £ G {1, . . . , n — 1}, the mapping class V commutes with T ai , so V fixes 
and so does V as well. Hence V commutes with T ai in A4od(S, 9S) (we also could have quoted 
Lemma 13. 7|) . Then we can define p as being the transvection of monodromy homomorphism 
characterized by the triple ((aj)i^j^ n _i, e, V). It is clear that p is a lifting of p. According to 
step (ii), all liftings of p are transvections of p, therefore all liftings of p are transvections of 
monodromy homomorphisms. □ 

Theorem [2] (Homomorphisms from B n to A^od(S, dT)). 

Let n be any integer greater than or equal to 6. Let T be a surface T g ^ where g ^ n/2. Let p 
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a homomorphism from B n to .Mod(£, <9£). Then p is cyclic or is a transvection of monodromy 
homomorphism. Moreover such transvections of monodromy homomorphisms exist if and only if 

Proof. The second part of Theorem [2] has been proved in Lemma [3.31 It remains to show that all 
the homomorphisms from B n to A^od($], 9S) are either cyclic, or transvections of monodromy 
homomorphisms. Let p be a noncyclic homomorphism from B n to A / lod($], If we compose 

p with the projection Alod(S, <9£) ° r > 7 ? A / lod(S), we get a homomorphism p from B n to 
■PTWod(S). According to Proposition 13.81 (hi), p is not cyclic, so according to Theorem Q] p 
is a transvection of monodromy homomorphism, then according to Proposition 13.81 (iv). p is a 
transvection of monodromy homomorphism. □ 



3.3 Centralizer of the monodromy homomorphisms 

Proposition 3.9 (Centralizer of the image of a monodromy homomorphism). 

Let n be an integer greater than or equal to 5. 
Let £ be a surface £^5 with g ^ ^ — 1. 

Let M be one of the groups A4od(S), 7 7 A4od(S) 7 or A4od(£, d£). 

Let p : B n M. be a monodromy homomorphism with (aj)i^ n _i as characteristic chain of 
curves. 

Let A4^^ be the group of the mapping classes in Ai that preserve the subsurface £(/?) and that 
induce the identity in A / [od(S( / o)). Then: 

(i) the centralizer of p(B n ) in Ai is reduced to the group Ai^ p \ except in the below cases 
(a), (b) or (c) where it is equal to the group spanned by Ai^ p ^ and by Z, where Z is 
any extension in A"lod(E) of the hyper- elliptic mapping class of Mod(T,(p)) associated to 

(fli)i^n-l- 

Cases (a), (b) and (c) are the following: 

(a) the integer n is odd, 

(b) the curve simplex {a%, 03, . . . , a n _i} is non- separating, 

(c) ^{ai,a3, a„_i} consists in two homeomorphic connected components and Ai — Alod(S). 

(ii) for any mapping class V belonging to the centralizer of p(B n ) in Ai, the mapping class V 2 
belongs to M^ p \ 

Proof. 

Let us show item (i) when n is odd. 

It is clear that the group Ai^ p ^ defined in the statement of Proposition ^. 9l is in the centralizer 
of p{B n ). As for the mapping class it preserves each curve aj by definition, so it lies in the 
centralizer of p(B n ) as well. Therefore group spanned by .A/f s ^ and Z is in the centralizer of 
p(B n ). Conversely, let us show that any element in the centralizer of p{B n ) coincides with an 
element of AA^^ possibly composed by Z. In this purpose, let us start from a mapping class F 
lying in the centralizer of p(B n ). We will first set some definitions in X, then we will study F. 

a) Definitions of some curves in E. 

For all integers i € {2, 3, . . . , n — 1}, let us set: 

Aj = Tl(r 2 Tl) . . . (TjTj_l . . . n). 
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For any even i in {4, . . . , n — 1}, let ef and e i be the two curves such that p(A?_ 1 ) = T +T -. 

i i 

By induction on the odd integer i in {3, . . . , n — 2}, we define the pairs of pants P^~ and P7 (cf. 
Figure [7| in such a way that: 

• when i = 3, let us denote by P^~ and P% respectively the pairs of pants included in X 
whose boundaries are {01,03,64"} and {01,03,64"} respectively, 

• when i is an odd integer in {5, . . . , n — 2} and when P^L 2 an< ^ ^-2 nave been defined, even if 
it means swapping ef +1 and e^ +l , we can assume that {e^~_ 1 ,ai, ef +1 } and {e^l 1 , Oj, e^ ) _ 1 } are 
the boundary components of two pairs of pants that we denote by and P~ respectively. 

Let d be the curve such that p(A^_ 1 ) = T^. We denote by Pg the pair of pants whose boundary 
is {e^_ 2 , e~_ 2 , d} (cf. Figure [7J. We denote by .A the union of the curves a, where i is even in 
{2, . . . , n — 1}, and we denote by A 1 the union of the curves Oj where i is odd in {1, 2, . . . , n — 2} 
and of the curves and ej where j is even in {4, . . . , n — 1}. 

S(p) 




Figure 7: Cutting in pairs of pants; the curve d and the simplex A 1 (case where n is odd). 

b) A mapping class F in the centralizer of p(B n ). 

The mapping class F commutes with T ai for any odd i in {1, . . . , n — 2}, so -F(oj) = a,. The 
mapping class F commutes also with T +T - for any even j in {4, . . . , n — 1}, so F{{e^ , ej}) = 

{e^, e~}. Hence .F preserves the set of subsurfaces {P^ , i^ - } for any odd i in {3, . . . , n — 2}. 
Finally, F commutes with for T<j belongs to p(B n ), so F preserves the curve d, preserves the 
pair of pants Pg and preserves the surface included in £ with d as boundary, and containing 
the curve a\. Notice that for any odd i in {3, . . . , n — 4}, the pairs of pants P^~ and P^_ 2 nave 
ei_ 1 as common boundary component, so the pairs of pants F(P^~) and F(P^_ 2 ) have F(ef +1 ) as 
common boundary component. Then two situations can happen concerning F(P^~) and F(P^~): 

. either F(ef +1 ) = ef +1 , and then F(^+) = and F(P+ 2 ) = P+ 2 , 

. or F(e+ +1 ) = e~ +1 , and then F(P+) = and F(P+ 2 ) = Pr +2 . 

Finally, by induction, only two situations can happen concerning F: 

• First alternative: for all odd integers i € {3, . . . , n — 2}, F(P^~) = P^ , Then F fixes 
and ej for all even integers j £ {4, . . . , n — 1}. We define F' 6 _Mod(£(p)) as being the 
restriction of F to S(p). 
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• Second alternative: for any odd i in {3,... , n — 2}, we have F(P^~) = P~ . Then for 
any even j in {4, . . . , n — 1}, the mapping class F swaps e~j~ and ej . But for any odd i in 
{1, . . . , n — 1}, the mapping class Z fixes the curves a^, and for any even j in {4, . . . , n — 1}, 
the mapping class Z swaps the curves e~j~ and ej . Hence FZ fixes all the curves of A 1 . 
Since F and Z preserve the surface E(p) included in E, we can define i 7 ' € .Mod(E(p)) as 
being the restriction of FZ to E(p). 

Let us examine F' . The mapping class F' fixes all the curves of A , hence preserves each 
subsurface of 5ub_4i (E(p)), which are pairs of pants, and preserves each of their boundary 
components. So F' induces in VA4od( (E( / o))^ 1 ) a trivial mapping class, where (E(p))^ a is 
the surface we get after having cut E(p) along the curves of A ■ Then, according to the following 
exact sequence: 

1 — > ( T a , o 6 i 1 ) -> V A iMod(E(p)) -> VMod( (E(p))^ ) -)• 1 , 
the mapping class F' is a multitwist along the curves of A ■ However, F' commutes with T a , 
a € A , so according to Proposition IA.2[ the curves of A are reduction curves of F' . But each 
curve of A 1 intersects one of the curves of A , so no curve in A 1 can be an essential reduction 
curve of F'. Since F' was to be a multitwist along the curves of A 1 , it then must be trivial. 

Let us come back to the mapping class F. The restriction of F to E(p), or the restriction of 
FZ to E(p), equals Id in 7Wod(E(/))). Hence the centralizer of p{B n ) in A4 is the group spanned 
by Z and by Ai^ p \ the subgroup of A4 of the mapping classes inducing the identity mapping 
class on S(p). 

Let us show item (i) when n is even. 

The proof is very similar to the odd case. Only the inclusion Zjn(p(B n )) C (A4^( p \ 
Similarly to the odd case, we first define the following topological objets in S(/9), drawn in 
Figure El 

• a (n — l)-chain of curves (aj) 1<i<n _ 15 

• some curves e^ and e~ for any even integer j 6 {4, . . . , n — 2}, 

• some curves d + and d~ , 

• some pairs of pants and P~ for any odd integer i 6 {3, . . . , n — 1}, 

• a set A of the curves aj where i is odd in {1, . . . , n — 1}, 

• a set A 1 of the curves of A and of the curves e^ and e~ for any even j in {4, . . . , n — 2}. 

Let us start from a mapping class F belonging to the centralizer of p{B n ). Notice that E(/o) = 
E(£> n ) and let H be the hyper-elliptic mapping class, belonging to A4od(Y>(p))) . The action of 
H on the curves of A 1 consists in fixing the curves a, for any odd i in {1, . . . , n — 1}, in swapping 
the curves e~j and ej for any even j in {4, . . . , n — 2}, and in swapping the curves d + and d~ . 
As in the odd case, by considering the action of F on the set of pairs of pants of 5ub B 4i(s(p)) J 
we see that the restriction of F to T,(p) coincides either with H or with the identity of E(p), 
depending on whether F fixes or swaps the boundary components d + and d~ . 

Assume that we are in case (a) or (b). Then the mapping class H € _A4od(E(p)) can be 
extended on E. We denote by Z this extension, which is a mapping class of M. In all the other 
cases (different from (a) and (b)), the curves d + and d~ do not belong to the same orbit under 
the action of VA4od(T,) on Curv(E, SE), so in these case, F cannot swap d + and d~ and cannot 
coincide with H on E(p), so F induces in _Mod(E(/})) the identity mapping class. To conclude, 
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Z(p) 




Figure 8: Cutting E(p) in pairs of pants; the curves d + , d and the simplex A 1 (case where n is 
even) . 

• when one of the conditions ( a) or (b) is satisfied., the centralize! of p[13 n ) in M. is the group 
spanned by Z and A4^ p \ 

• if none of the conditions (a) or (b) is satisfied, the centralizer of p{B n ) in A4 is the subgroup 
This shows item (i). 

Let us show item (ii). 

Let V belongs to the centralizer of p(B n ) in Ai. We assume that the centralizer of p(B n ) 
in A4 is not reduced to .M s ^ (otherwise, the result is trivial). There exist e € {0, 1} and 
V G such that V = Z £ V' . We assume that e = 1 (otherwise, the result is trivial). Let us 

denote by H the mapping class induced by Z on Notice that Z and V preserve S(p) and 

that V' induces the identity on so ZV' Z preserves and induces the mapping class 

H 2 = Id in Mod(H(p)). So ZV'Z belongs to M^ p) . Now, since V 2 = (ZV'Z)V', it follows 
that V 2 G TW 2 ^). □ 



3.4 Proof of Theorem [3] 

According to Theorems [1] and [2j when the genus of E is bounded by n/2, the homomorphisms 
from B n in the mapping class group associated to the surface £ are either cyclic, or are some 
transvections of monodromy homomorphisms. Consequently, the issue of the injectivity of the 
homomorphisms from B n in the mapping class group is reduced to the issue of the injectivity 
of the monodromy homomorphisms (cf. Proposition I3.10P and of the transvections of the mon- 
odromy homomorphisms (cf. Proposition 13. 11] ) . for the cyclic homomorphisms obviously cannot 
be injective. These different results are gathered in Theorem |3] 

Given p, a transvection of monodromy homomorphism from B n in the mapping class group 
of a surface S, the surface £(p) (described in Definition I3.6[) will help us in characterizing the 
injectivity of the transvections of monodromy homomorphisms. 

Proposition 3.10 (Injectivity of the monodromy homomorphisms). 

Let n ^ 6 and let S be any surface. We distinguish the cases A / fod(S, <9£) and VMod(Ti). 
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(i) A monodromy homomorphism p : B n — > Aiod(T, dT) is injective if and only if we have: 

Bndy(S(p)) C Curv(£, dT). 

In other words, the boundary components of T{p) do not bound any disk in S. 

(ii) A monodromy homomorphism p : B n —> 'PTWod(S) is injective if and only if we have: 

f Bndy(£(p)) C Curv(£, 0E), 
{ Bndy(£(») <£ Bndy(S). 

In other words, the boundary components ofT(p) do not bound any disk in £ and at least 
one of them is not isotopic to a boundary component ofT,. 



Proof. 

Let us show item (i). 

Let 6 be the homomorphism induced by p to _Mod(£(p), dT(p)). According to Theorem IA.4[ 
6 is injective. Let i be the inclusion of T(p) in £ and the homomorphism induced, going from 
Mod(T(p), <9£(p)) into A4od(S, <9£), so that p = o 0. 

• Necessary condition. If p is injective, then p(A^) is not trivial. However when n is odd, 
p(A^) coincides with T^ 1 where d is the unique boundary component of £(/?), hence 
must be nontrivial. In other words, d £ Curv(£, dT). When n is even, /5(A^) coincides 
with (T ( i i r ( i 2 ) ±2 where d\ and ^2 are the two boundary components of £(/5), so at least one 
of the curves d\ or d2 has to be nontrivial. Moreover, if one of them is trivial in £, say d\ 
for example (cf. Figure [9}, then o 6>((r ai . . . T an _ 2 ) 2(n ~ 1) ) = i* a 6>((r ai . . . t^J"), since 

(T ai . . . ?a n _ 2 ) 2 ^ n ^ = (T ai . . . T an _ 1 ) n = Trf 2 . But this contradicts the injectivity of p, for 
in B n , a product of n(n— 1) standard generators can be equal to a product of 2(n— l)(n — 2) 
standard generators only if n(n — 1) = 2(n — l)(n — 2), hence only if n € {1, 4}. Therefore, 
{d u d 2 } C Curv(£, d£). 




— *z, ' 

Z(p) some surface 



Figure 9: Example with n = 8. 



• Sufficient condition. We assume that Bndy(£(p)) C Curv(£, <9£). Then according to 
Theorem IA.1| in the case where n is odd, or in the one where n is even and where the 
two boundary components of £(/5) are not isotopic in £, is injective. In the case where 
n is even and where the two boundary components d\ and d 2 of £(/5) are isotopic in 
£, according to Theorem IA.ll again, we have Ker (/.*) = (T^T^ 1 ). Now, according to 
Theorem IA,4[ 6{B n ) coincides with 5A / tod(S(p), dT(p)) whereas T^TJ -1 does not belong 
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to 5A4od(E(/5), 9S(p)). Hence Ker (i*) Rim (0) = {1}, so t*(#) is injective. Finally, in all 
the cases, o 6 is injective, and hence /5, too. 

Lei us show item (ii). 

Again, let 6 be the homomorphism induced by p to 7Wod(S( / o), <9X (/>)). According to Theo- 
rem lA,4l 9 is injective. Let i be the inclusion of $](/?) in E and the induced homomorphism from 
_Mod(X(yo), <9X(p)) to VA4od(T,), so that p = o 6. The homomorphism is not necessarily 
injective. 

• Necessary condition. As in the case of item (i) with p, it is necessary that Bndy(S(yo)) C 
Curv(S, <9£), but since the Dehn twists along boundary components are trivial in VA4od(T,), 
it is necessary that Bndy(S(p)) <f_ Bndy(S). 

• Sufficient condition. Let us assume that Bndy(S(/9)) C Curv(S, <9X) and that 
Bndy(S(/>)) <f_ Bndy(S), and let us check that p is injective. Let us denote by £' the 
complement of in S; we assume that if a boundary component of £(/?) is isotopic 
to a boundary component of S, these two boundary components coincide. With this as- 
sumption, all the connected components of Yl are of negative Euler characteristic. Let 
<9 inn (£(/>)) = <9(£(p)) \ dE. Since Bndy(S(p)) (f_ Bndy(S), the surface £' is nonempty 
and <9 mn (£(p)) ^ 0. The image of p lies in VModiJl, £'), which is isomorphic to 
Mod(E(p), <9 inn (£(p)) ). If <9 inn (£(p)) = a(E(p)), Theorem \KM can be applied and p 
is then injective. This is always what happens in the case when n is odd, but when n is 
even, it can happen that d inn (£(/})) = {d} ^ <9(X(/9)), where d is one of the two boundary 
components of In this case, 'PA4od(S, £') is isomorphic to 7Wod(S(p), d), and p 
induces a homomorphism ? from i3 n to A / [od(S(p), <i), which is injective if and only if p 
is injective itself. Let us denote by pr the canonical projection of A4od(T,(p), <9X(/j)) to 
A4od(S(p), d). Then q = pr o 9. Moreover, we have Ker (?) = Ker (pr) n 0(B n ) = {1}, 
for Ker (pr) = (T^) where d! is the boundary component of S(p) different from d, but T^/ 
does not belong to 0(B n ). Hence q is injective, so p is injective. □ 



Proposition 3.11 (Injectivity of the transvections). 

(i) Let n be an integer greater than or equal to 3, G any group 7 p a homomorphism from I3 n 
to G and p\ a transvection of p. If G is torsion-free (for example, if G = A / fod(S, dT,) with 
<9£ ^ 0), then p is injective if and only if p\ is injective. 

(ii) Let n be an integer greater than or equal to 6 and £ a surface of genus g ^ ^. Then 
for any monodromy homomorphism p from B n to VAiodiT,), any transvection of p is injective 
if and only if p is injective. 

Proof. Let p be an injective homomorphism from B n to G and let p\ be a transvection of p. 
We show by contradiction that p\ is injective, then we will have shown item (i) of Proposition 
I3.11[ for p can also be seen as a transvection of p\. Let us then assume that there exists £, 
a nontrivial element of B n such that pi(£) = 1. Let <p : B n — > G the cyclic homomorphism 
associated to the transvection p\ such that for all £ S B n , we have pi(C) = p(C) ( / 3 (0- Hence, we 
have = y^) -1 ) but since cp(£) lies in the centralizer of p(B n ) in G, so does p(£). But p is 
injective, so £ belongs to the center of B n , that is, £ is a power of A^. Therefore, there exists a 
nonzero integer k such that 
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(p(A n MA n )) 2fc = l. (1) 

Now, if G is torsion-free, we have p(A n )</?(A n ) = px(A n ) = 1. Then, as above, (p(A n ) lies in the 
centralizer of p(B n ) in G, hence so does p(A n ). Now, since p is injective, A n must belong to the 
center of B n , hence must be a power of A 2 , which is absurd. This proves item (i) of Proposition 

EE 

• Let us show the direct implication of item (ii): if p is an injective monodromy homomorphism, 
then the transvection p\ of p is injective. 

We are going to show by contradiction that p\ is injective. As above, if p\ is not injective, 
there exists a nonzero integer k such that (1) holds. Now, A n is a product of n ^ n ~ 1 ^> generators, 
so (p{A 2 ) is the n(n — l)-th power of a mapping class V belonging to the centralizer of p(B n ) in 
'PA'fod(E). Let us denote by W the mapping class V 2 . According to Proposition 13. 9| W lies in 
M^ p \ where is the group of the mapping classes in VAiod(T,) that preserve E(p) and 

/ \ o n(n — 1) 

that induce the identity in VA4od(T,(p)) . So we have (p(A£) = W a , and hence, with (1), 
we get: 

. n(n — l) ~, 

W k ^ = p(A- 2fc ). (2) 
Now, if n is odd, then p(A^) = T^ 1 where d is the unique boundary component of E(p) , whereas 
if n is even, then p(A 2 ) = (Trf 1 Trf 2 ) ±1 where d\ and di are the two boundary components of 
E(p). So the mapping class W lying in Ai s ( p ) satisfies: 

W kn{n-i) _ T jfc 5 if n is oddj where { d } _ Bndy(S(p)); ( 3 ) 

W^^~ = (T dl T d2 ) T \ if n is even, where {d u d 2 } = Bndy(E(p)). (4) 

Let us recall that since p is injective by assumption, then according to Proposition I3.10[ at least 
one of the boundary components of S(p) is not trivial in E, hence the mapping classes in case 
a) and T^Tfa in case b) are not trivial. 

Let us that (3) leads to a contradiction. The curve d is a separating curve of E. Let us 
call E' the connected component of E^ different from E(p). According to Proposition ??.(i), 
'PA / (od(E, S(p)) is isomorphic to 'PA4od(E / , d). The mapping class W can thus be seen as a 
periodic mapping class in 7 7 A^od(E / , d). Let us call m its period. According to Lemma |A.14| 
there exists an integer p coprime with m such that W m = Tj, so the equality W kn{ - n ~^ = Tj k 
implies W n<yn ~ 1 ' > = TT 1 . Therefore the period of W is n(n — 1), so it is greater than or equal to 
42 since n ^ 7. But E(p) is of genus S — 1 and E is of genus at most f| hence E' is of genus at 
most 1. But there does not exist any nontrivial periodic mapping class in a genus-0 surface whose 
boundary components are fixed, according to Corollary IA.9| and the order of periodic mapping 
classes on a genus- 1 surface with a nonempty boundary and whose boundary components are 
fixed is bounded by 6, according to Corollary IA. 121 This is a contradiction. 

Let us show that (4) leads also to a contradiction. If E is the gluing of E(p) on itself by 
identifying both of its boundary components d\ and di and if we call d the image of d\ in S, 
then Jl4^^ is the cyclic group spanned by T^, so there exists an integer m such that W = T™. 

But on the other hand, VF^i^ = {T dl T d2 ) Tk = T/ 2fc , whence (T™ ) M iF iI = Tj 2k . This is 
absurd, for T d is not a torsion element. Now, if we assume that d\ and di are two distinct curves 
in Curv(E, 9E), we know that at least one is not a boundary component of E. Notice that V 
used to preserve {d±, di}, so W (which is equal to V 2 ) preserves d\ and di. Finally, as previously 
in case a), W can be seen as a periodic mapping class of period at least 15 (for w ^" 2 ^ equals at 
least 15 when n ^ 6), on a surface of genus zero or one. As explained above, this is absurd. 
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• Let us show the reverse implication of item (ii): if p is a non-injective monodromy homomor- 
phism, then the transvection p\ of p is not injective either. 

Let p be a non-injective monodromy homomorphism from B n to VA4od(T,) and let p\ be a 
transvection of p. Let us show that p\ is not injective. According to Proposition I3.10l (ii). it can 
exist several reasons for p not being injective. We distinguish two cases, whether Bndy(X(p)) H 
Curv(S) is empty or not. 

If Bndy(S(/>)) n Curv(S) is empty, then .M s ^ is trivial. Hence according to Proposition 
13.91 when n is odd, the centralizer of p(B n ) is spanned by p(A%) which is of order 2, and 
when n is even, this centralizer is trivial. So, in both cases, we have pi(A^) = 1, and p\ is 
not injective. 

If Bndy(S(p)) n Curv(S) is not empty, whereas p is not injective, then necessarily, n 
is even and the boundary component of Bndy(S(p)) that is not in Curv(S) bounds a 
disk. In this case, we are going to exhibit two elements of B n that do not commute 
although their images do. This will show that p\ is not injective. Let us set A n _ 2 = 
ti{t2T\) . . . (T n -.2T~n~3 ■ ■ ■ T i)- We have seen in the proof of Proposition 13.101 that in our 
situation, we have p(A^) = p(A n ^ 2 ) (cf. Figure[9j. Hence in particular p(A n ^ 2 ) commutes 
with p(t„_i), so pi(A n * 2 ) commutes with pi(r n -i). But A n ^ 2 do not commute with r n _i. 
Therefore, p\ is not injective. □ 

Now, Theorem |3] is a direct corollary from Theorems Q] and |2] and from Propositions 13.101 
and ECU 



Proof of Theorem H 

We turn now to the proof Theorem [1] The proof ends in Section (TUJ We first prove it 
when n is an even number. We will deduce from it in Subsection 110.41 the case when n is odd. 
Throughout Sections U] - [TUJ we will introduce the following pieces of notation. We gather them 
here for later reference. 

Summary of the upcoming notation 

• n is an even integer greater than or equal to 6, 

g and b are nonnegative integers such that 2 — 2g — b ^ —1 and g ^ ^, 
p is a given homomorphism from B n to VMoAlTig^), 
from Section [7] on, p will be assumed to be noncyclic; 

• Ti where i £ {1, 2, . . . , n — 1} is the i th standard generator of B n . 

A n is the Gar side- element of B n , and 5 is the "—flip" of B n . They are defined by: 

An = n(V 2 Tl)(T 3 T2Ti) . . . (T n _iT n _ 2 . . . Tl), 
S = TiT 2 ...T n _l, 

and satisfy the following well-known properties: 
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• for all integers i E {1, 2, . . . , n — 1}, we have A n Tj = r n _j A n ; 

• for all integers i E {1, 2, . . . , n — 2}, we have 5ti = 734-1 (5, and <5 2 r n _i = ri J 2 ; 

• the element A 2 = e) n span the center of B n . 

In section [6l we define an n th "standard" generator of B n , namely tq = £t„_i#~ 1 . When 
the subscript i satisfies i < or i > n — 1, Tj is the j th standard generator of B n where j 
is the remainder of the euclidian division of % by n; 

• is defined by Ai = p{ji) for all integers i, 

Q is the set {A±, A2, • • • , A„_i} and Qq is the set {Aq, A\, . . . , A n _i}, 

Odd(n) is the set {1, 3, . . . , n — 1} of the ^ first odd integers, 

X the set i E Odd(n)} and ^ the set {A4, i G {1, 2, . . . , n - 1} \ Odd(n)}; 

• 0"(£7o) is the union U cx(^4i) and crfA") is the union U aiAA. 

i<n-l ieOdd(n-l) 

• We have a natural action from B n on PA^od(S) by conjugation via p given by: 

t.A = p(t)Ap{t)-\ 

We will introduce the subgroups J = (5) and ~H = (ji , i € Odd(n) ) of £> n where 7^ = 
rjrj + irjTj + 2Tj + irj for all i E Odd(n). Then the action of B n on 'PA / lod(S) induces an action 
of J on Qq and an action of T~L on A". 

Outline of the proof of Theorem [T] 
Section 0} 

A curve a of cr(<5) is a peripheral curve if a is a separating curve with the following property: 
one of the connected components of E a is of genus 0. Let cr p (G) be the set of peripheral curves. 
We show that up to transvection, we can assume that cr p (Q) is empty which is a first way to 
simplify the study of cr(Q). From Section [5] on, we will assume that (T p {Q) is empty. We also 
show in section |4] that in many cases, we can assume without loss of generality that S is a surface 
without boundary. 

Section [5j 

We show that, although (J p {G) is assumed to be empty, if p is not cyclic, then u{Q) is nonempty. 
From Section [7] on, we will assume that p is not cyclic, so that cr{G) is nonempty. 

Section [6} 

We introduce an n th generator tq = (5r n _i5 _1 to the standard presentation of the braid group 
in order to get a cyclic action of the subgroup of B n spanned by 5 on the set of the generators 
{to, ti, . . . , r ra _i}. This action will be fundamental in the next sections. 

Section [3 

We prove that there exists a partition of a(Qo) i n t w ° sets of curves: <t s {Qq) and <J n {Go), both of 
them satisfying each interesting properties. For instance, for any curve a of ct s (Qq), there exists 
a unique i E {0, 1, . . . , n — 1} such that a E cr(Ai). As for the set of curves cr n (Go), it is stable 
by the action of B n induced by p on Curv(S). 
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Section [8} 

We show that <r(Go) contains only non-separating curves. 
Section [9} 

We describe the set of curves a{X) in the surface S. 
Section [10} 

We gather the results of the previous sections and we show that p is a transvection of monodromy 
homomorphism: Theorem [T] when n is even is shown. Finally, we deduce from it Theorem Q] in 
the general case. 



4 On geometric representations of B n in nonempty-boundary sur- 
faces 

This section is divided into two parts. 

• In Subsection 14. 1| we are interested by homomorphisms from the braid group in the mapping 
class group of genus-0 surfaces. We are going to prove that all homomorphisms from B n to 
"PA^od(So b) are cyclic, see Theorem 14.41 

• In Subsection 14. 2[ we are interested by homomorphisms from the braid group to the mapping 
class group of a surface of genus g ^ 1 with 6^2 boundary components. Given such a 
homomorphism p, we focus on some special separating curves related to p which will be called 
peripheral curves. Three propositions will be useful for the remainder of the paper, namely: 

- Proposition 14.51 (on the stability of peripheral curves), 

- Proposition 14.71 (on "getting rid of" peripheral curves), 

- Proposition 14.91 (on "getting rid of" the boundary) . 

The two last propositions will follows from the first one. Moreover, Proposition 14.91 utilizes 
Theorem 14.41 

4.1 Geometric representations of B n in genus-0 surfaces are cyclic 

We are going to use the fact that some mapping class groups are bi-orderable. 

Definition 4.1 (Bi-orderable group). A group G is bi-orderable if there exists a linear ordering 
^ on G invariant by left and right multiplications (namely, if / ^ g, then hiffi2 ^ higl%2 for 
all /, g, hi, h<i € G). In what follows, we will denote by ^ the ordering of all the bi-orderable 
groups that we are going to meet, and by < the strict order associated to ^. 

Proposition 4.2. Any homomorphism from B n in a bi-orderable group is cyclic. 

Proof. Let G be an orderable group and let ip be a homomorphism from B n to G. Let us 
assume that (/?(ti) < (p{j2). Let 7 be the element t\TiT\. Then ipi^Ti^ 1 ) < (p{jT2'y~ 1 ). Since 
7 T i7 1 = T 2 an d 7T27 -1 = T\ we have <p{T2) < V 3 ( r i)) which is absurd. In the same way, 
assuming that y?^) < <^(ti) leads to a contradiction. Hence (p(ri) = (/ J ( r 2) 5 so ip is cyclic. 

□ 
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Thanks to Proposition 14,31 below, we will be able to apply Proposition 14,21 to the mapping 
class groups and so prove Theorem 14,41 

Proposition 4.3 (Bonatti, Paris). 

For any genus-0 surface T, the mapping class group Mod(T, dT) is bi-orderable. □ 

As a corollary, we get: 

Theorem 4.4 (Homomorphisms from B n to _Mod(£o, b, <9£o, b) an d to "PA4od(Eo, &))• 

Let T be a genus-0 surface. For all integers n greater than or equal to 3, any homomorphism 

from B n to M.od(T, dT,), respectively to 7-\A4od(E) ; is cyclic. 

Proof. Any homomorphism from B n to A4od(T, dT) is cyclic, for according to Proposition 14,31 
A4od(T, dT) is bi-orderable. As for the homomorphisms from B n to VA4od(T), according to 
Proposition 13. 8| they can be lifted in homomorphisms from B n to A4od(S, dT), which are cyclic. 
Hence again, according to Proposition 13. 8| the homomorphisms from B n to VM.od(T) are cyclic. 

□ 



4.2 Peripheral curves 

Starting point for the next sections. 

- Let n be an even number greater than or equal to 6, let T = T g ^ where g ^ 1 and 6^2. 

- Let p be a homomorphism from B n to VAdod(T). 

- For all integers i ^ n — 1, p(t{) will be denoted by Ai. 

- We denote by Q the set {A\, A2, ■ ■ ■ , A n -i}. 

We aim to get as much information as possible concerning o~(A) for all A E Q. 
Peripheral curves, a p (Q). 

A curve a of o~(Q) is said to be peripheral if it separates T in two connected components and if 
the genus of one of them is zero (cf. Figure H0|) . The set of peripheral curves will be denoted by 
a p (G). We will denote by cr p (A) the set of curves <J P {Q) D o~(A). 




Figure 10: Example of peripheral curve. 
The mapping class group "P^A4od(E) 

Remember that if A is a curve simplex in Curv(E), we define Vj\,A4od(T) as the subgroup of 
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VMod(Ti) consisting on all mapping classes that fixes each curve of A and that preserve each 
subsurface of <Sub^(E)). If A = {a}, then we write V a -Mod(Y,) instead of V{ a yMod(E). 

Proposition 4.5 (Stability of peripheral curves). 

(i) We have the equalities: a p {A\) = <r p {A2) = ■ ■ ■ = a p (A n ^i) = a p (Q). 

(ii) We have the inclusion: p{B n ) C V ap (g)Mod(Y,) . 

Lemma 4.6. Let x be a peripheral curve. If a mapping class F in VModiY,) verifies l(F(x), x) = 
0, then F lies in V x Mod(T,). 

Proof of Lemma 14.61 Let S be the holed sphere bounded by x. Since l(F(x), x) = 0, if 
F{x) is distinct from x, then either F(x) is in S and F(S) is included in S, or F{x) is outside of 
S and 5 is included in F(S) (recall that Bndy(F(S)) n Bndy(S) = Bndy(S) n Bndy(S) for F 
belongs to 7 ? Alod(S)). Since S and F(S) are homeomorphic, these two hypotheses are absurd. 
Finally, F(x) = x. Moreover, S and F(S) are located on the same side of x, so F does not swap 
the two side-neighbourhoods of x. □ 

Proof of Proposition 14.51 

(i) Let A and C be two mapping classes of Q that commute, x a curve of o~ p (A) and Z a 
mapping class such that ZAZ -1 = C. Then Z(x) G a p (C), and since AC = CA, we have 
I (a (A), o~{C)) = 0, so Z{x)) = 0. Now, according to Lemma 14,61 which we apply to the 
curve x and the mapping class Z, we get Z{x) = x, and hence x € cr(C). This shows that for 
all i,j £ {1, 2, . . . , n — 1} such that \i — j\ n > 1, we have o~ p (Ai) = a p {Aj). We then easily can 
deduce that 

a p {Ai) = o- p (A 2 ) = ■■■ = cjp(A n _i) = a p (G). 

(ii) For all x £ o~ p (Q), all A € Q, we have just seen that x € cr(A), so I(x, A(x)) = 0, hence 
according to Lemma 14, 6| A(x) = x and A does not swap the two connected components of X]^. 
Hence A belongs to V x A4od(T,). Since Q span p(B n ), this proves the second part of Proposition 
1431 □ 



Proposition 4.7 (Killing the peripheral curves). 

Let £' be the connected component of nonzero genus ofE^ rgy Then: 

(i) For all £ G B n , induced a mapping class in PTWod(S') that we denote by p'{£). The 
obtained map p' : B n — > VA4od(Y^') is a homomorphism. 

(ii) The homomorphisms p and p' are of the same nature: one is cyclic (respectively is a 
transvection of monodromy homomorphism) if and only if the other is. 

Proof. 

(i) Let £' be the connected component of nonzero genus of S CT rg\ and let U be the subset of 
curves of cr p (Q) that bound the subsurface of S isomorphic to According to Proposition 14,51 
on the stability of the peripheral curves, p(B n ) is included in 'P^TWod(S). Let us denote by tt' 
the homomorphism from VMod(T,u) to PA^od(E'). Then p' = tt' o cut^ o p, so p' is indeed a 
homomorphism. 

(ii) According to Proposition 13. 8| there exists a lift p' of p' in Hom(£>„, Atod(S' ; 
which is of the same nature as p' . For all £ G if we extend the mapping class p'(£) by 
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the identity on S, and if we then postcompose it by the canonical "forget" homomorphism 
forgs : A4od(S, <9E) — > VMod(Y>), we get a homomorphism p\ from B n to 7 3 A4od(S) such 
that 7r' o cntu o pi = p'. By construction, p\ is of the same nature as p' . 

Let S" be the union of the subsurfaces of 5ub^(S) distinct from Let us denote by tt" the 
homomorphism from VA4od(T,u) to VA4od(Ti"). According to Theorem 14. 4[ tt" o cut^ o p is a 
cyclic homomorphism. Let be the mapping class tt" o cut^ o p(ri) of 'P.Mod(E") and W the 
mapping class p(ri)(pi(ri)) _1 of VMod^, £')■ Notice that W induces W on PXod(S"). Let 
P2 be the transvection of p\ with direction W (i.e. for all integers i in {1, 2, . . . , n — 1}, we have 
P2{T~i) = Pi{Ti)W). Notice that p2 and pi are of the same nature, so pi and p' are of the same 
nature. 

On the other hand, we have the following central exact sequence: 

1 -> (T u , m6W)-> 7^.Mod(E) ^> P.Mod(£ w ) -> 1. 

Since cut^ ° P2 = cutu o p, it comes that, according to Lemma 13. 4( p2 is a transvection of p, 
hence p2 and p are of the same nature. 

Finally, p' and p are of the same nature. □ 

Definition 4.8 (The "squeeze map" of a surface with a nonempty boundary). 
Starting from the surface £ 5] ft with b > 0, let £ 9i o be the surface without boundary obtained from 
^g,b by squeezing each boundary component to a point. We get a surface which exceptionally 
can be a sphere or a torus. There is a canonical surjective continuous map from to S 5j o that 
we will denote by sq : X^;, — > S 9i o- The map sq induces a canonical homomorphism between 
mapping class groups that we denote by: 

sq* : VMod(Z 9jb ) -> A4od(S 9i0 ). 

Proposition 4.9. Lei i fee a curve simplex and K, a subgroup of 7 7 A4od(S) suc/i i/iai A is 
IC-stable and such that the cardinality of any curve orbit in A under the action of K is at least 
3. Then the canonical surjective continuous map sq : S — > S 9j o induces an isomorphism from 
the graph T(S, A) (cf. Definition 11) to the graph T(E gi o, sq(*4)). In particular, the cardinality 
o/5ub_4(£) is smaller than or equal to 2g — 2, and the cardinality of A is smaller than or equal 
to 3g — 3. Moreover, for any mapping class F € K,, for any curve o£i and for any subsurface 
S G <Sub v 4(S), we have: 

sq(F(o)) =sq*(F)(sq(a)), 
S q(F(S))=sq*(F)( S q(S)). 

Proof. 

1. Let us show that no subsurface of 5ub^(S) can be sent by sq on a sphere minus one or 
two disks. Hence no curve of A is sent on a contractible curve by sq, and for any two curves 
of A, they cannot be sent on the same isotopy class in E'. Once we have shown this, we have 
shown that the sets A and sq(„4) of curves have the same cardinality. 

a) By assumption, the set A does not contain any fixed point under the action of /C. So A 
does not contain any peripheral curve, according to Lemma [4. 6 1 Hence no subsurface of 5ub^i(S) 
can be sent by sq on a sphere minus a disk. Therefore, no curve of A is sent on a contractible 
curve. 

b) Let us show that no subsurface of ^Sub^E) can be sent by sq on a sphere minus two 
disks, which is equivalent to say that for any two curves of A, they cannot be sent on the same 
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isotopy class in If there did exist two distinct curves a and a' of A such that sq(a) = sq(a'), 
then it would exist in <Sub^(£) a genus-0 subsurface S whose boundary would consists in some 
boundary components included in <9£ and exactly two boundary components a and a' that do 
not belong to Bndy(S). But any mapping class of VMod(T,) which globally preserves A should 
preserve the surface S, since Bndy(S) Pi Bndy(S) is not empty and hence should preserve the 
pair {a, a'}. This is in contradiction with our hypotheses, since the cardinality of the orbit of a 
under the action of )C must be greater than or equal to 3. 

According to a) and b), the cardinalities of the sets A and sq(.4) are equal. 

2. Since A and sq(-4) have the same cardinality the map sq induces a graph isomorphism 
from the graph A) to the graph r(£ 9i o, sq(^4.)). Moreover, as the map sq and the 

homomorphism sq* are canonical, the action of tC on T(E, A) induces an action of sq*(/C) on 
r(£ 3; o> sc l(»4)) and the expected commutation properties hold. □ 



5 Irreducible geometric representations of B n 

Hypotheses. 

Let n ^ 6 an even number, let £ = 6 with g ^ ^, and let p : B n — > "PA4od(X) such that: 

• p is non-cyclic by assumption, 

• <Jp(Q) = by assumption, inspired by Proposition 14.71 

Remember that for all integers i, p{Ti) will be denoted by A%\ and the set {A\, A2, ■ ■ ■ , A n ^\} 
will be denoted by Q. 

Irreducible homomorphisms, periodic homomorphisms, pseudo-Anosov homomor- 
phisms 

In B n , the standard generators are conjugate, so their images by p are all reducible, all periodic or 
all pseudo-Anosov. We will say that p is an irreducible homomorphism from B n if p(ti) is an irre- 
ducible mapping class, that is, if o"(p(rx)) = 0. If p(r{) is periodic (respectively pseudo-Anosov), 
we will say that p is periodic (respectively pseudo-Anosov) . 

To prove Theorem [1] we need to prove that, up to an element in the centralizer of Q, the 
elements of Q are Dehn Twists. In this purpose, focusing on o~(Q) will be efficient, but we first 
need to prove that o~(Q) is not empty! This is precisely the aim of this section, whose main 
theorem is the following. 

Theorem 5.1. Any irreducible homomorphism from B n to VA4od(T,) is cyclic. 

We will distinguish the case of the periodic homomorphisms (cf. propositions 15.61 and 15. 7|) 
from the one of the pseudo-Anosov homomorphisms (cf. Proposition 15 . 8[) . The proof of this 
theorem is short when X has a nonempty boundary but the involved methods are inefficient 
when the boundary of E is empty When dT, = 0, we argue by contradiction: we assume that p 
is not cyclic, we exhibit a finite subgroup of p(B n ) and we show that its cardinality exceeds the 
theoretical maximal cardinality of a finite subgroup of A4od(S). 

In the first subsection, we present some results on the relations in p(B n ), which will be useful 
to fix a lower bound to the cardinality of some subgroups of p{B n ). The second and third 
subsections 05.21 and 15. 3p are devoted to the proof of Theorem 15.11 in the case of the periodic 
homomorphisms and of the pseudo-Anosov homomorphisms, respectively. 
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5.1 Cardinalities of some abelian subgroups of p{B n ) 

• Let (p be a homomorphism from B n in some group. For any element £ in B n , we write £ 
instead of </?(£). 

• For all even positive integers positif N, let us denote by Odd(iV) = {1, 3, . . . , N — 1} the set 
of odd positive integers smaller than N. Let r be the integer ^. Thus Odd(n) contains the r 
first odd positive integers. 

• Let C n be the free abelian subgroup ^ T{ , i £ Odd(n) ) g of The group £ ra is isomorphic 
to Z r . 

The aim of this subsection is to study the algebraic structure of the abelian group (^(>C n ), 
that is to say to study the structure of the quotients of C n , cf. Lemma [5.31 and then to compute 
the cardinality of ip(£ n ), cf. Lemma 15.51 Let us begin by stating an elementary case that was 
already proved, see Lemma 13.11 

Lemma 5.2. // there exist two distinct integers i and j smaller than or equal to n — 1 and a 
nonzero integer £ such that f/ = fj , then we have: 

f i -f i -----f e n 

T l — T 2 — — T n-V LJ 

Lemma 5.3. There exist four nonnegative integers M, m, d, s such that the group (p(C n ) is 
isomorphic to the quotient of C n by the three following relations: 

T M =T M = ... =T M i = l> R1(M) 

rf = r 3 m = • • • = C_ l7 R2(m) 

(T 1 T 3 ...T 2r - 1 ) d = T(. R3(d, S ) 

When M is nonzero, m and d are also nonzero and the integers M , m, d, s satisfy the following 
divisibility relations: 

• m divides M ; 

• d divides m and m divides s; 

• M divides (r — 2) m - 
Finally, d = 1 if and only if ip is cyclic (that is to say, if m = 1). 

Remark. In the following subsection, we will apply this lemma to the image of p where p will 
be a homomorphism from B n in a mapping class group. The integer M will be then the order of 
p{t\) and the integer m will be the order of p^iT^ 1 ). 

Proof. 

0. Before starting, notice that if we choose M = m = d= s = 0, the quotient of C n by 
(R1(0),R2(0),R3(0, 0)) is equal to C n . 

1. Let us show that any relation that holds in (p(£ n ) is equivalent to a set of relations of type Rl ; 
R2 and R3. 

Since C n is abelian, any relation in tp(£ n ) can be written as follows: 

where the ki, i G Odd(n), are r not all zero. We are going to show that relation (1) is equivalent 
to a set of relations of type R1(M), R2(m), R3(d, s) where M, m, d, s are some integers. We 
distinguish three cases: a), b) and c) below. 

a) If the ki are all equal, (1) is exactly the relation R3(A;i, 0). 
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b) Suppose now that the ki are not all equal. Let us consider the differences \ki — kj\, 

1, j G Odd(n). They are not all zero. Let us assume for example that k± — k^ 7^ 0. Then after 
having conjugated (1) by f\T2f\T$T 2 f\, we get: 

•••*£?) = 1- (2) 

Now, if we compare (1) and (2), we have: 

f k lf k 3=f k lf k 3) (3) 

whence r^ 1- ^ 3 = fg 1- ^ 3 , and hence, according to Lemma 15.21 

Jfci-fcal _ |fci-fe 3 | _ _ -|fci— fcs| (a\ 

T l — T 2 — ■ ■ ■ — T n _ x . \4) 

We repeat this argument for all the pairs (i, j) G Odd(n) 2 , i 7^ j. Let p be the greatest common 
divisor of {\ki — kj\ , i,j G Odd(n)}. We get relation (5), which is equal to R2(p): 

f{ = fl = --- = fl_ v (5) 
For all i G Odd(n), the euclidian division of ki by p provides two integers qt and k\ such that 

ki = qiP + k\ where ^ k[ < p. 
Since the ki, i G Odd(n), differ one from the other by a multiple of p, the k[, i G Odd(n), are all 
equal. Let us call k' this integer. Thanks to relation (5), relation (1) implies: 

-h' -k' -k' -(~Pj2li) , n \ 

T? ... T*_ x =T^ > . (6) 

In ip(C n ), relation (6) is equivalent to Rl(— pY Qi) if k' = 0, and is equivalent to R3(&/, — pY Qi) 
if k! 7^ 0. Hence if the ki are not all equal, then relation (1) implies R2(p) and Rl(— pY Qi), 
or R2(p) and R3(k' , —pY^Qi)- And conversely, the set of the relations R2(p) and Rl(— pYqi) 
implies relation (1), as does the set of the relations R2(p) and R3(/c', — pY*Qi)- 

Finally, any relation in (f(C n ) is equivalent to a set of relations of type Rl, R2 and R3. This 
terminates the proof of step 1.. 

2. Let us now show that there exist four integers M, m, d, s such that (p(C n ) is isomorphic to 
the quotient of C n by the three relations R1(M), R2(m) and R3(d,s). 

Let us define M, m, d, s as follows: 

7-. r 7 *a* t -k 1 ^ , „ f min(£i) if E\ 7^ 
1 = { I T f = 1 } an d M = I if £1 = 0, 

E 2 = { k G N* I = ff } and m = 

„ r 7 rvt* 1 / - \k 1- \ ~\ 17 f min(£ , 3 ) if £3 7^ 

£3 = { k G N* j (nra . . . 7"n— 1 ) G (n) } and d = j Q . f ^ ^ 

s is chosen arbitrarily in { /% G N* | (f\f% . . . r n _i) rf = }. 

Then by definition of M, m, <i and s, the three relations R1(M), R2(m) and R3(d,s) hold in 
ip(C n ). According to step 1., any relation like (1) comes from some relations of type R1(M), 
M G Z, R2(m), m G Z and R3((i, s),d, sgZ, that take place in ip(£ n ). Let us then show that 
any relation R of type Rl, R2 or R3 that holds in <p(C n ) comes from the three relations R1(M), 
R2(m) and R3(d,s). 

• If R is of type Rl: Let M' be a nonzero integer such that the relation Rl(M') is satisfied 
in ip(C n ). Then E\ is nonempty, hence M is nonzero. Notice that the union of both 
relations R1(M) and Rl(M') is equivalent to the relation R1(M A M'), where a A b is the 
greatest common divisor of a and b. However, by definition of M, we have M^MA M', 
so M = M AM', hence M divides M' . Consequently, R1(M) implies Rl(M'). 



min(£ , 2 ) if E 2 7^ 
if E 2 = 0, 
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• If R is of type R2: Similarly, any relation of type R2(m') where m! is a nonzero integer is 
induced by R2{m). 



• If R is of type R3: If there exist two nonzero integers d! and s' with d! ^ such that 
R3(<f, s') takes place in ip(£ n ), then E3 is nonempty. So d is nonzero and the conjunction 
of R3((f' , s') and R3(d, s) induces R3(kd' + id, ks' + is), for all integers k and I. Let us 
choose k and £ such that kd! + id = d' A d. By definition of d, we have <i ^ (d! A d), so 
d = (d' A d) and <i divides d'. Let p be the integer d'/d. We have: 

-{isgrio ~{X%> 

Again, the definition of M implies that \ps — s'\ is a multiple of M. Hence R3(<f, s') comes 
from the three relations R1(M), R2(m) and R3(d,s). 

3. Let M, m, d and s be the integers defined in step 2.. According to step 2., <p(C n ) is 
isomorphic to the group C n quotiented by the three relations R1(M), R2(m), and R3(d,s). Let 
us show that if M is nonzero, then m and d are also nonzero. Then let us determine the divisibility 
relations that link these four integers. 

• If M is nonzero, then R1(M) implies R2(M) and R3(M,0), so by definition of m and d, 
we have that m and d are nonzero. 

• Since R1(M) implies R2(M), the relations R2(M) and R2(m) coexist in <p{C n ), so R2(M A 
m) is satisfied, too. Then, by definition of m, m is smaller than or equal to M A m, so we 
have m = M Am. Hence m divides M. 

• Similarly, the relation R2(m) implies R3(m,rm). Now, R3(m, rm) and R3(d, s) imply a 
third relation R3(u, v) where u = m A d, and v is an integer determined by r, m, d and s. 
But by definition of d, d is smaller than or equal to u. Hence d divides m. 

• As for the integer s in R3(d, s), we have seen in step 1. that R3(d, s) implies R2(s), so m 
divides s. 

• We still have to show that M divides (r — Let us start from the relation R3(d,s) in 
which we replace ff by f\ d where k = |. We get: 

[(fi7375...f n _i)r 1 - fc ] <i = l ) (7) 

then: 

[(fsfr 1 )(T 5 Tr 1 )...(fn-iTr 1 )ft k Y = i- (8) 

Since m is a multiple of d, we get: 

[(f 3 fr 1 )(f 5 f r 1 )...(wr 1 )fr fc) ] m = i. o) 

Now, according to R2(m), for all i G Odd(n) \ {1}, we have (fjf-f 1 )™ = 1. Hence (9) 
implies: 

-(r—k)m 1 
T{ = 1. 

In other words, Rl((r — k)m) takes place in <p(£ n ). Then, as before, we deduce from 
definition of M that M divides (r — k)m. 
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4. Let us show that if is cyclic if and only if d= 1. 

If ip is cyclic, then R2(l) holds, and so does R3(l, r). Conversely, if d = 1, let us show that 
m = 1. Let £ be the element rf . If cZ = 1, we have: 

fir 3 r 5 . . . f n _i = £, (10) 

whence: 

7r 1 r 3 - 1 = 7s...r n _ 1 r 1 . (11) 
Since £ = ff and m divides s, then £ is a multiple of ff\ But according to the relation R2(m) 
and Lemma 15.21 we have f™ = f™ = ■ ■ ■ = f™_ 1 , so fj™ is central in tp(B n ), so £ is central in 
ip(B n ). According to equality (11), it follows that f 2 commutes with the right-hand side, hence 
f 2 commutes with the left-hand side. So we get: 



whence 
but 

so 

and by conjugating by f\f 2 f 3 fi: 

whence 

then 



t 2 t 1 \ 1 



-1 



T 3 T 2 T 3 = T 2 T 3 T 2 



r 2 = (Tir 2 r 1 1 )t 1 (tit 2 t{ 
so f 2 = f\. Hence (p is cyclic. 



rif 2 rf 1 
T2T3f 2 -1 

n- 1 



T3T4T3 



T3T4T3 

(^^"^^(rs^Tg" 1 ) 1 



n, 



□ 



Definition 5.4 (C n (M,m,d, s)). 

For all quadruples of integers (M, m, d, s), as soon as this definition makes sense (i.e. when m is a 
multiple of d and M is a multiple of m, according to Lemma [5. 3ft . let us denote by C n (M, m, d, s) 
the group (rj, i G Odd(n)) quotiented by the relations (R1(M)), (R2(m)), (H3(d, s)). For 
example, £ n (0, 0,0,0) = W and £ n (M,M,M,rM) ^ (Z/MZ) r . 



Lemma 5.5 (Cardinality of C n (M,m,d,s)). 

For all M > 0, m ^ 2, d and s, the cardinality of £ n (M, m, d, s) is equal to qdm r ~ 1 where q = ^ 
and r = t;. 

Proof. The group C n (0, 0,0, 0) is spanned by: 

n,, T3, T5, . . . , T n _ 3 , r n _i. (1) 
Let us set iij = TjT-f 1 for all i 6 Odd(n) \ {1}. We set k = ^ (/c is an integer for, according to 
Lemma |5.3[ d divides m which divides s). Then we set w = {u 3 u§ . . . u n _3n„_i)r-[ r . Thanks 
to a change of variables, we go from the set (1) spanning £ n (0, 0,0,0) to the below set (2) still 
spanning £ n (0, 0, 0, 0): 

71, u 3 , u 5 , . . . , n n _ 3 , (2) 
With this change of variables, the relation R1(M) is now equivalent to: 

T M = 1; U M = 1; U M = 1) ... ]W M 3= 1; W M = L (3) 
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Let us denote by £ i— > £ the canonical homomorphism from £ n (0, 0,0, 0) to C n (M, M, M,rM), 
which is the quotient of C n (0, 0,0, 0) by R1(M). According to Lemma [5731 M divides (r — k)m, 
so in C n (M, M, M, rM), we have: 

_™ I- — - - \m.-(r—k)m I- - — — \m 

w m = [u 3 u 5 . . . n„_ 3 u n _i ) t{ = [u 3 u 5 . . . u n - 3 u n -i ) . 
Hence the relation R2(m) in C n (M, M, M,rM) is equivalent to: 

u? = l,u? = l, ...,v™_ 3 = l,w m = l. (4) 
Finally, in C n (M, M, M, rM), the relation R3(d,s) is: (f\f 3 . . . f n -i) d = ff. Let us replace r-f by 
Tj d , the relation R3(d, s) is equivalent to [(T1T3T5 . . . r n _ i)T-j[" fc ] = 1, and then to 

[(^ 1 )(- 5 rf 1 )...(f n _ 1 fr l )fr fc Y = i, 

so the relation R3(d,s) in C n (M, M, M,rM) is equivalent to: 

u) d = 1. (5) 

Finally, since m divides M and since d divides m, the set of relations R1(M), R3(m) and R3(d,s) 
is equivalent in C n (0, 0, 0, 0) to: 

T M = l :U f = l,uf = 1, u™„ 3 = l, w d = 1. (6) 
Therefore a presentation by generators and relations of the group C n (M, m, d, s) can be obtained 
from the lines (2) and (6). Therefore C n (M, m, d, s) is isomorphic to Z/MZ x (Z/mZ) x Z/c?Z. 
So its cardinality is Mm r ~ 2 d = qdmJ'^ 1 where q = □ 

5.2 Periodic geometric representations of B n 

In the first proposition, we deal with the case where the boundary of E is nontrivial (S = E fl> & 
with 6 > 0). The remainder of this subsection is devoted to the case without boundary (6 = 0), 
which is harder. For all homomorphisms p from B n to VMoA(Ti) and for alii n—1. we denote 
by Ai the mapping class p{ji). 

Proposition 5.6 (The periodic homomorphisms from B n to VAiod(T, gi b), b > 0, are cyclic). 
Any periodic homomorphism p from B n to VM.od(Yi g ^) where g ^ \ and b > is cyclic. 

Proof. Let p be a periodic homomorphism from B n to 7 7 A / lod(S). Notice that the mapping 
classes Aj for all i ^ n — 1 are conjugate. So they are periodic and have the same order. Let us 
call m this order. 

Since the boundary of S is nonempty, according to Lemma IA,16( A\ and A4 span a cyclic 
group that we denote by V. Any generator of T is a product of powers of A\ and A4, so T is a cyclic 
group of order m. Now, the subgroups of T spanned on one hand by A\ and on the other hand 
by A4 have the same order m, so each of A\ and A4 spans independently T. Thus, in Q, any two 
standard generators that commute span the same cyclic group. Hence A2 span the same cyclic 
group as A4, that is, the same cyclic group as A±. In particular A2 and A\ commute. But A2 and 
A\ satisfy a braid relation, so they have to be equal. Then, according to Lemma [3. 11 p is cyclic. 

□ 

Proposition 5.7 (The periodic homomorphisms from B n to A4od($] gi o) are cyclic). 

Let n be an integer greater than or equal to 6 and S the surface S 9j o such that g ^ ^. Any 

periodic homomorphism p from B n to A^od(E) is cyclic. 
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Proof. We argue by contradiction. Let p be a periodic homomorphism. We assume that p is 
not cyclic. We separate the cases according to the orders of A\ and ^A^ 1 (the order of A^A^ 1 
is different from 1 since p is not cyclic). 

1. When A\ is of order 2. 

If for all i ^ n — 1, the mapping class A{ is of order 2, then p{B n ) is isomorphic to a quotient 
of the symmetric group & n . It follows easily from the simplicity of 2t„, (remember that n ^ 6) 
that the only quotients of & n are {1}, Z/2Z and G n . So the only nontrivial quotient of G n is 
Z/2Z. However we assume that p is not cyclic, so p(B n ) has to be isomorphic to the group & n . 
In particular, p{B n ) is finite, and its cardinality is: 

n! = (n - 1)! x n > 5! x n = 120n ^ 240c/. 

Now, according to the "84(g— 1)" theorem (see Corollarv lA.lOp . the cardinality of a finite subgroup 
of A4od(£) is bounded by 42|%(S)| = 84g — 84, whence a contradiction. 

2. When A\ is not of order 2, but A^A^ 1 is of order 2. 

If (A3A5" 1 ) 2 = 1, then A\ = A\, so according to Lemma Iix2| we have A\ = A\ = ■ • • = A\_ x . Let 
Z be the centralizer -2^ d(S)(^-i) °f ^-1 m .Mod(£) and let p be the canonical homomorphism 
from Z to Z/(A 2 }. Notice that p{B n ) is included in Z, so we can consider the homomorphism 
pop from B n to 2/ (A 2 ). It is not cyclic, for A^A^ 1 is not a power of A\: indeed, if it existed 
an integer k such that A3 = A^ +2k \ by conjugation, we would have A§ = A^ +2k \ and so 
A3 = A§. But this is absurd for p is not cyclic. Thus, the homomorphism pop is not cyclic, but 
p o p(rf) = p{A\) = 1. Then, as we have seen it in step 1., p o p(B n ) is isomorphic to the group 
& n and hence contains at least 240g elements. But p{B n ) is a (central) extension of po p(B n ) by 
the finite group {A\), in other words, the following sequence is exact: 

l^{A\)^ P {B n ) Apop(B n )-H. 
Hence p(B n ) is a finite group that contains at least 480g elements. As in step 1., this is absurd. 

3. Where A\ is of order M ^ 3 and A^A^ 1 is of order m with 3 ^ m ^ M. 

According to Kerckhoff's Theorem (cf. IA.6p . the abelian group (Ai, i G Odd(n) ) being finite, 
there exist a hyperbolic metric g on E and an injective homomorphism from (Ai, i € Odd(n) ) 
to Isom(S ; g). Let us denote by T its image and Ai the image of A{ for all i € Odd(n). Let us 
recall that we assume that p is not cyclic, so A\ ^ A3. We will show that the action of T on the 
points of E is free, for if an element of T had a fixed point in S, it would automatically have 
many, actually too much compared with Corollary IA.8I We will conclude by showing that if the 
elements of T do not have any fixed point, the inequality linking x(^) an d xC^/iJ 7 )) given by 
Lemma lA.71 cannot be satisfied, whence the contradiction. 

a) Let us show that the action of T on £ is free. 

Let x be a point of £ and let Stab(x) be the subgroup of T that fixes the point x. Let us 
assume that Stab(x) is not reduced to {1}. Let us recall that two isometries that fixes a same 
point and that have the same differential in this point are equal (cf . Lemma IA. 13|) . But the 
differential of an isometry in a fixed point is a rotation. Therefore Stab(x) is a cyclic group. Let 
G be an isometry spanning Stab(x), let M' be its order, with 2 ^ M' ^ M, for on one hand G 
is not the identity, on the other hand G belongs to the abelian group T spanned by elements of 
order M. We are going to count the number t of fixed points of G. On one hand, according to 
Corollary IA,8( we have: 

t ^ 2 + 29 . (1) 
M' — 1 K J 
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On the other hand, if G commutes with another isometry G' , then the images by G' of all fixed 
points of G are again fixed points of G. Since the group T is abelian, the set of fixed points of 
G contains the orbit of x by the group J 7 , so: 

|Orb(x)|<4 (2) 
where Orb(a;) is the orbit of x. By definition of T and according to Lemma [5.3| there exist four 
integers M', to', d and s such that T is isomorphic to C n (M' , m' , d, s) . Now, since M is the 
order of A\ and to is the order of A^A^ 1 , we have M' = M and to' = to. Hence T is isomorphic 
to C n (M,m,d,s) and according to Lemma l5.5| the cardinality of T is qd(m) r ~ l where q = ^ 
and r = 5. We can then compute the cardinality of the orbit of x: 



From (1), (2) and (3), we get: 



d(m) r 1 ^ 2to + 4r, with < 



By multiplying all by — , we get: 

, , r _i M' 1 M' 

Since ^- ^ ^ = to, we can bound ^- by to. We bound g by r, | by 1, and by 2. Then 

(5) becomes: 

r = f ^ 3, 

d ^ 2 and d divides to, according to Lemma |5.3| (6) 
to ^ 3 by hypothesis. 

When to = 3, we have d = 3, so (6) becomes: 

3 r < 6 + 4r, (7) 

but this equation is never satisfied for r ^ 3 (for r = 3, we get 27 ^ 6 + 12 which is absurd, and 
for r > 3, this is even more flagrant). When to 4, let us consider equation (6), we bound 4r 
by mr in the right-hand side, we divide the left-hand side and the right-hand side by m, then in 
the left-hand side, we replace to by its lower bound: 4, and d by its lower bound: 2. We get: 

2 x 4( r ~ 2 ) < 2 + r, (8) 

that is not satisfied for r = 3 and certainly not for r > 3. Thus, it was absurd to assume that 
Stab(x) 7^ {1}. Hence the action of J- on £ is free. 

b) Let us apply the Riemann-Hurwitz' formula (cf. Lemma [A. 7|) to the finite group T: 

x(s) + Ed-^i - o(qo) = mx(£/n (9) 

The surface S satisfies x(^) = 2 — 2g. Besides, as the action of J 7 on £ is free, there is no point 
of ramification i n the surface S/J 7 hence XX 1-^1 ~~ °(Qi)) = 0- So the two terms of equality 
(9) are negative. Since the elements of T preserve the orientation, S/J 7 is an orientable closed 
surface with x(^/J~) ^ — 2. But the order of T is qd(m) r ^ 1 with q~^l, d^ 2, m ^ 2 and r ^ g, 
so | J"| ^ 2 9 , so the equality (9) implies 2 - 2g < 2 9 (-2), i.e.: 

5 > 1 + 2f , with g^O, (10) 

which is absurd. □ 
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5.3 Pseudo-Anosov geometric representations of B n 

Proposition 5.8 (The pseudo-Anosov homomorphisms from B n to "PA4od(£) are cyclic). 

Let n be an integer greater than or equal to 6 and let S be a surface where g ^ S. Any 

pseudo-Anosov homomorphism from B n to VA4od(T,) is cyclic. 

Proof. Let p : B n — > VA4od(T,) be a pseudo-Anosov homomorphism. For all i ^ n — 1, we set 
again ^ = p(n). 

1. The mapping class A\ is pseudo-Anosov, so according to Proposition ??.(iv), its centralizer 
is virtually infinite cyclic. Since the mapping class ^3 commutes with A\, there exist two nonzero 
integers p and p' such that A\ = A^. By conjugating this equality by ^3^4^4.3, WG get A^ — A^. 
Hence = , so according to Lemma 15.21 

4 = ^ = 4--- = <_ 1 . a) 

Let us exploit this. We separate the cases whether b > (cf. 2.) or 6 = (cf. 3. - 5.). 

2. When b > 0, we produce a direct proof. According to Proposition 13.81 there exists p, a lift 
of p G Hom(S n , PA4od(S)) in Hom(i3 n , Xod(S, d£)). For all i < n- 1, let us denote by A; the 
mapping class p{ti) 1 so that is a lift of A{. Let us set then W = A^A^ 1 . Since A^ = A|, the 
mapping class W p is a multitwist along the boundary components. Let Z be the mapping class 
(lil 2 ^3) 2 - Then ZA^ 1 = A 3 and ZA z Z~ l = A u so ZW V Z- X = W~ p . Since W is central 
in .Mod(£, <9E), Z and VF P commute, so we have W 2p = Id. But A4od(E,<9£) is torsion-free 
according to Lemma IA.14| so W = Id . Hence A\ = A3 and p is cyclic, hence p is cyclic. 

3. When b = 0, we argue by contradiction and we assume that p is not cyclic. Then, 
according to Lemma |5.2[ the A4, l^i^n — 1, are pairwise distinct. Let us consider the group 
Centr(A^) (cf. Definition ?? of Subsection ??). According to (1), p{B n ) C Centr(^4 1 J ). Let I be 
the homomorphism associated to A\ defined by Proposition ??. According to this proposition, 
the cardinality of Ker {€) satisfies: 

|Ker(£)K6| X (S)|. (2) 

Since all the Ai, i ^ n — 1, are conjugate in Centr(^4j'), £{Ai) is independent of the index i when 
i ranges from 1 to n — 1. Hence the group spanned by AjA^ 1 where j, k ^ n — 1 is included 
in Ker (^). Yet, we are going to show that its cardinality is greater than 6|x(S)|, whence the 
contradiction. 

4. Let us assume that (AiA^ 1 ) is of order p = 2. Recall that p is not cyclic, so A\ and A3 
are different. Then the subgroup T of Ker {€) defined by: 

T := < MK-i ; 1 < » < n - 3 > 
is isomorphic to a quotient S n _2 by the homomorphism: (12) 1— > AiA~^ 1: (23) 1— > A2A~^_ 1 , . . . , 
(n — 3,n — 2) 1-4 ^-s^L"^. However, 7^ ^3, so this quotient is neither {1} nor Z/2Z. Then, 
when n ^ 8, because of the simplicity of 2lg this quotient has to be G n _2- When n = 6, the only 
quotient of 64 different from {1}, Z/2Z and 64 is the quotient of 64 by the normal closure of the 
element (12)(34). The image of (12)(34) in T is (A 1 A^ 1 )(A 3 A^ 1 ), which is equal to AiA 3 A^ 2 , 
hence equal to ^4i^3 , for A^ 2 = A^ 2 according to (1). Since A\ 7^ ^3, ^i^J 1 is not trivial. 
Hence T is not isomorphic to the above quotient of 64. Then, even when n = 6, J- is isomorphic 
to & n -2- Hence Ker {£) contains T that owns (n — 2)! elements. When n ^ 8, we get: 

|Ker (£)\ ^ \T\ = (n - 2)! ^ 5!(n - 2) > 6(n - 2) ^ 6(2g - 2) = 6|x(£)|- (3) 
But (2) and (3) lead to a contradiction, this is the expected contradiction. 
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The case n = 6 implies \J-\ = = 4! = 24 ^ 6|x(S)|, since n = 6 implies that g ^ ^ = 3, 
and then |x(^)| ^ 4. However Ker (£) contains the element A n _2A~^ l5 too, which is different 
from any element of J 7 , for T is in the centralizer of A n _i, whereas ^4 n _2^4~l 1 is not. Indeed, 
if A n _2A~ i was in the centralizer of A n _i, then A n _2 and A n _i would commute. However 
they satisfy a braid relation, so they would be equal and p would be cyclic: this is absurd. Thus 
Ker (£) contains T and the element A n -2A~_ lt which does not belong to T . Since the cardinality 
of T satisfies ^ 6|x(S)|, then the cardinality of Ker {£) satisfies |Ker (£)\ > 6|x(S)|, which 
contradicts (2). This is the expected contradiction. 

5. Let us assume that (A\A^ 1 ) is of order p ^ 3 and let us consider the abelian groups % 
and ~H! defined by: 

H:=(Ai, ieOdd(n)) Mod{11) 
and W := < AA'^ , i G Odd(n - 2) ) Mod(j: y 
Let us apply Lemma [5.31 to these two groups: 

• Concerning the group H. It is clear that there exist two integers d and s such that 7i 
is isomorphic to C n (0,p,d,s), where d / 1, rf divides p, and p divides s, according to 
Lemma 15.31 Moreover, since £(Ai) = ■■■ = £(A n ^i) > 0, all these relations have to be 
homogeneous, so by considering the relation R3(<i, s), it follows s = rd. The relation 
R3(d, s) then becomes: 



and it implies: 



( n A) d =Af, (4) 

iGOdd(n) 



( n A i A- 1 _ 1 ) d = (A 1 A- 1 _ 1 Y d , (5) 

iGOdd(n-3) 



Concerning the group 7i' . It is clear that 7i' is isomorphic to C n ^2(p,P, d', s') where d' and 
s' are to be determine. The relation (R3(d',s')) is equivalent to: 



and implies: 



( n A i A~ 1 _ 1 ) d = (A.A-^y', (6) 

iSOdd(n-3) 



( n A i )*=4[AS*-*. (7) 

iGOdd(n) 



Since p divides s', according to Lemma 15.31 we have Af' = A^_ 1 and (7) becomes: 

( n A i )*=A£ x . (8) 

iSOdd(n) 

In (8), by conjugation, we can replace by A\ d ' . Let us compare the equalities (4) and (8). 

By definition of d, it follows from that comparison that d divides d! . Moreover, by comparing 
(5) and (6), it follows by definition of d' that d' divides d. Thus d' = d, so %' is isomorphic to 
£n-2(p,P,d,s'), and according to Lemma [5.3[ the following holds: 

d ^ 2, d divides p. (9) 

Then according to Lemma 15.51 \7i'\ = dp r ~ 2 . The only pairs (p, d) that respect (9) and such 
that p < 6 are (3,3), (4,2), (4,4) and (5,5). However, if (p, d) = (4, 2), then r is even. Indeed, as 
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we saw it in the lines preceding (4), p divides s and s is equal to rd. We check in the following 
table all the possible values of dp r ~ 2 for the pairs (p, d) where p < 6, as a function of r, and we 
give a lower bound to the values dp r ~ 2 for the pairs (p, d) with p ^ 6, as a function of r. 



\(P. d ) 

f \ 


(3,3) 


(4,2) 


(4,4) 


(5,5) 


(p, d)) with p ^ 6 


r = 3 


9 




16 


25 


dp r ~ 2 ^ 2 x 6 = 12 


r = 4 


27 


32 


64 


125 


(ip r - 2 ^ 2 x 6 2 = 72 


r ^ 5 


27 x 3 r ~ 4 


32 x 4 r " 4 


64 x 4 r " 4 


125 x 5 r " 4 


dp'"' 1 > 2p r ' 2 = 72 x 6 r " 4 



Table 1 - Computation of dp r 2 as a function of d, p and r. 



According to Table 1, for all r ^ 3, the expression dp r 2 achieves its lower bound when p = d = 3, 
hence: 

> 3 r_:l . (11) 

However, Ker (£) contains also the element A2A~^ lt which is of order p, too. And A2A~\ 1 does 
not commute with A\ (otherwise, A2 would commute with A\, we would have Ai = A2 and p 
would be cyclic). Since %' is in the centralizer of A\, the mapping class A2A~\ 1 cannot belong 
to %' . Similarly (A2A~^_ 1 )" 1 cannot belong to %' . But A2A~\ and its inverse are distinct, for 
p ^ 3. Then the group U A?,A~^_ X ) contains the following set: 

{H(A 2 A- 1 _ 1 ) k , HeH', fce{-l, 0, 1}}. 

Its cardinality is 3|7^'|. Hence |Ker {t)\ ^ 3 r . But for all integers of r ^ 3, the number 3 r is 
greater than 6(2r — 2), which is greater than or equal to 6|x(S)|. Thus: 

|Ker(£)|>6| X (S)|. (12) 

This contradicts assertion (2). This is the expected contradiction and the end of the proof. 

□ 



6 Adding an n generator to the standard presentation of B n 

Completing the standard presentation of the braid group 

We introduce the following element of the braid group B n : 

5 = T\T 2 ■ ■ ■ r n _i. 
We then define an n th generator To by setting: 

r = <5r n _i<5 -1 . 

We adopt the following convention: for all integers k G Z, is the standard generator where 
£ is the remainder of the euclidian division of k by n. Then, for all i G {0, . . . , n — 1}, we have: 

STid' 1 = Tj+l. 

Moreover, for all pairs of integers (i, j), we denote by \i— j\ n the integer min({|z— j + kn\, k G Z}). 
Then, the braid group with n strands B n admits the following presentation: 

• generators: Tj, i G {0, 1, . . . , n — 1}, 

{Tj+lTj+2 • • • T"j+ n _l = Tj+iTj+2 ■ ■ -Tj+n-1 
TiTj = TjTi when \i — j\ n ^ 1 
TiTjTi = TjTiTj when \i-j\ n = l . 



50 



From now on, the standard generators of B n will refer to t$, i £ {0, . . . , n— 1}. Such modifications 
of the classical presentation of the braid group S n have been generalized by V. Sergiescu (cf. 
[S]). We do not need tq to define a braid homomorphism, since tq can be obtained from the 
other generators, but we need tq to consider the action of (<5) by conjugation on the set of the n 
standard generators. Depending on our need, tq will appear explicitly in the statements or not. 

Let D = p(5) = A1A2 ■ ■ ■ A n ^\. We set of course A$ = p(tq) = DA n -\D~ x and more 
generally, we set A^ = p(rfc). Let Go = {Aq, Ai, . . . , A n _i} = Q U {Aq\. We introduce Aq only 
now but all the statements that were true for Q are also true for Go- 



7 The special curves ct s {Qq) 

Hypotheses. 

Let n ^ 6 an even number, let £ = with g ^ and let p : B n —> "PAIod(S) such that: 

• p is non-cyclic by assumption, 

• o~p(Go) = by assumption, inspired by Proposition 14.71 

• o-(Qq) 7^ as a consequence of the non-cyclicity of p, after Theorem 15. II 

For all i, we have set Ai = p(rj) . We will study A\, A2, ■ ■ ■ , -A n -i via their canonical reduction 
systems a(Ai), a(A2), . . . , a(A n -i). Recall that we aim to prove that p is a transvection of 
monodromy homomorphism, that is, there exists a triple ((cti)i^ n _i, e, V) such that for all 
integers i £ {1, 2, . . . , n — 1}, we have: 



The curves aj and the curves in o~(V) play two very different roles in the description of p. For 
instance, I(aj, aj+i) 7^ whereas 7(<t(V"), <7(^o)) = 0. In order to stress this matter of fact, we 
set the following definition. 

Normal curves, special curves 

We say that a curve a belonging to a (Go) is special if it satisfies I(a, a(Go)) 7^ 0, and that it 
is normal if it satisfies I(a, a (Go)) = 0. We denote by o~ s (Go) the set of special curves, and by 
&n(Go) the set of normal curves. Moreover, for all A G Go, we se t 



Thus, when p is a transvection of monodromy homomorphism as above, the curves a, are special 
whereas the curves of o~(V) are normal. 

The aim of this section is to prove Proposition 17.11 which constitutes both the hardest and 
the most important step in the proof of Theorem [TJ We mention in Proposition 17. II an action of 
B n on Curv(S) which will be introduced in Subsection 17.11 

Proposition 7.1 (Properties of the normal curves and the special curves). Let a be a curve of 
a(Go)- Then: 

(i) The following statements are equivalent: 
• a is special, 



Ai 
o-(Ai) 




= { ai }Ua(V). 



a n (A) = o n (Go) C\ cj(A) 
a s (A) = a s (Go)r\a(A). 
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• there exists a unique i € {0, 1, . . . , n — 1} such that a € cr(Ai), 

• I(a, S.a) = I(a, <5 _1 .a) / 0, 

• |(<5).a| = n. 

(ii) The following statements are equivalent: 

• a is normal, 

• for all i € {0, . . . , n — 1}, we have a £ cr(Ai), 

• I(a, a(g )) = 0, 

• |(<5).a| < n. 

(Hi) The curves of a (Go) split as follows: 

• cf(Qo) admits the partition: a(Go) = a s (Go) U cr n (Go), 

• o- s (Go) is nonempty and contains n or 2n curves, depending on whether |<r s (^4i)| = 1 
or |<r a (Ai)| = 2. 

(iv) The curves of a (Go) satisfy the following properties of stability: 

• o-n{Go) is stable under the action of B n on Curv(S) and the restriction of this action 
on cr n (Go) is cyclic: for all a G cr n (Go) and all integers i, j £ {0, . . . , n — 1}, we have 
Ai(a) = Aj(a). 

• <? s {Gq) is stable under the action of J on Curv(E). 



7.1 Action of B n on the simplexes of curves 
Cyclic actions. 

• An action of a group G on a set £ will be said cyclic if its structural homomorphism 
ip : G — > &(£) is such that the quotient G/Ker ((p) is a cyclic group. 

• A cyclic action on a set £ will be an action of a cyclic group on 8. 

• A cyclic action on a graph V will be the data of a homomorphism from a cyclic group 
in Aut(r). Recall that an element in Aut(r), the automorphisms group ofT, is a pair of 
bijections, one on the set of the vertices, the other on the set of the edges, such that the 
images of the extremities of an edge are the extremities of the image of this edge. 

The subgroups F n and J 7 * of B n 

• There exists a unique homomorphism A : B n — > Z such that A(ti) = 1. It is called 
sometimes the degree or the exponent. Let [B n , B n ] be the commutators group of B n . Let 
(( )) B denote the normal closure in B n . Then we have Ker (A) = [B n , B n ] = ((t^t^ 1 )) g . 
We denote by F n this group. We also define 

K = ( nrr 1 , 3 < i < n - 1 ) Bn £ Ker (A). 
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• Let us make some remarks about these two subgroups. 

1. Let ip be a homomorphism from B n in a group G. The homomorphism ip is cyclic if 
and only if p{t\) = 92(^2) = • • • = (/?(T n _i), if and only if the induced homomorphism by 
ip on T n is trivial. More conceptually, we could have said that ip is cyclic if and only if 
p(B n ) is cyclic, if and only if ,6 ra /Ker (ip) is cyclic, if and only if [B n , B n ] C Ker (ip) (since 
B n /[B n , B n ] is cyclic), if and only if the induced homomorphism by (p on J~ n — [^n> ^n] is 
trivial. 

2. A homomorphism from J- n in a group G is trivial if and only if the induced homomor- 
phism by <p on J 7 * is trivial, since {(J 7 * )) B = T n . 

3. The group J 7 * is clearly isomorphic to B n -2- A homomorphism ip from J 7 * will of course 
be said cyclic if ipiJ 7 ^) is cyclic, which is equivalent to saying that ip^T^ 1 ) = (pfar^ 1 ) = 
■■■ = (^(Tn-iTf 1 ). 

4. All homomorphisms from B n that induce by restriction to J 7 * a cyclic homomorphism 
are cyclic themselves. Indeed if p is such a homomorphism, then the equality ipij^T^ 1 ) = 
<^(r4T~" 1 ) holds. Consequently, we have ipfo) = (pfa) and hence ip is cyclic. 

We sum up these remarks in the following Lemma. 

Lemma 7.2 (Cyclic homomorphisms/actions and the subgroups J 7 * and J- n ). 

Let G be any group, let ip : B n — > G be a homomorphism and <p : J 7 * — > G the induced 
homomorphism by restriction. Then : 

(i) If ip : B n — > G is cyclic, then (p : J 7 * — > G is trivial. 

(ii) If (p : J 7 * G is cyclic, then ip : B n — >■ G is cyclic. 

Similarly, if we are given an action of B n on any set £ and its induced action of J 7 * on £, then: 
( Hi ) If the action of B n is cyclic, then the action of J 7 * is trivial. 

(iv) If the action of J 7 * is cyclic, then the action of B n is cyclic. □ 

In order to determine whether an action of B n is cyclic or not, we have at our disposal the 
following proposition due to Artin. We will use it several times to prove Proposition 17.41 

Proposition 7.3 (Artin, cf. [At3]). 

Let n ^ 5 and £ a set of n — 1 elements or less. Then any action of B n on £ is cyclic. 

□ 

Proposition 7.4 (All action of B n on a £> n -stable curve simplex is cyclic). 

Let A be a curve simplex in Curv(S) stable by the action of B n via p on Curv(S). Then the 
actions of B n induced by p on A, on 5ub^(S) and on Bndy(S_4) are cyclic. 

Proof. Let us recall the statement. Let n be an even integer greater than or equal to 6, X 
a surface where 9 ^ f and p a homomorphism from B n to "PTWod(S). Let A be a curve 
simplex in Curv(E) stable by the action of B n via p on Curv(S). We want to show that the 
actions induced by B n on A, on 5ub^(S) and on Bndy(S^) are cyclic. 
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1. Let us show that the action of B n on Sub .a(E) is cyclic. 

Since the action of B n on Curv(S) preserves A, the action of B n on 5ub(S) preserves tSub^(E). 
Let us then consider the action of B n on >Sub^(S). 

The subsurfaces that have some common boundary components with £ are fixed points of 
the action of B n . Let C be the set of the subsurfaces of 5ub^(S) that have no common boundary 
component with E. For all S G C, we have x(S) = x(f° r 0s(5'))- Now, the sum YlseC x(f° r 9E(5')) 
is greater than or equal to xC^g,o) = 2 — 2g. Moreover, for all S G C, x(^ or 8T,(S)) ^ —1, hence 
the cardinality of C satisfies \C\ ^ 2g — 2, and finally \C\ ^ n — 2. Hence according to Proposition 
17. 3( B n acts cyclicly on the surfaces of C. Finally, B n acts cyclicly on <Sub4(£). 

2. Let us show that the action of B n on A is cyclic. 

Let a be a curve of A. We are going to study the action of B n on B n .a. We distinguish two 
cases, whether |J> t .a| < n — 2 or not. In both cases, we will show that the action of B n on B n .a 
is cyclic. This will be enough for A is a union of orbits of curves under the action of B n . 

2. a) Case where the curve a satisfies \J- n .a\ < n — 2. 
Let c be a curve in B n .a and let 7 be an element of B n such that c = 7.0. Since T n is normal in 
B ni it follows that T n = { r Yf r f~ 1 , <p G J- n }- Then we have: 

\FnA = |{7<P7 -1 -c, <p G F n }\ = \{7<P-a, ¥ G T n }\ = \{<p-a, <p G T n }\ = \T n .a\ < n - 2. (*) 
Let us distinguish two sub-cases, whether n ^ 8 or n = 6: 

• When n ^ 8, we can apply Proposition 17.31 to the action of J 7 * (isomorphic to B n -2) on 
T n .c. Then the action of J 7 * on J- n .c is cyclic. 

• When n = 6, we cannot apply Proposition 17.31 to J-* for J-* is isomorphic to the braid 
group on 4 strands only. We have seen that the orbit of c under T n contained at most three 
elements according to (*). Hence the action of J 7 * on J- n .c is described by a homomorphism 
from B4 to ©3. Since such a homomorphism sends the standard generators t\, T2 and T3 
of £>4 on three conjugate elements in S3, they must be three transpositions, three 3-cycles, 
or three times the identity. 

— If 7*1, T2 and T3 are sent on three transpositions, then t\ and T3 are sent on the same 
element since they commute; 

— If n, T2 and T3 are sent on three 3-cycles, then the homomorphism is cyclic for the 
set of 3-cycles span in 63 a subgroup isomorphic to Z/3Z; 

— If n , T2 and T3 are sent on three times the identity, then the homomorphism is trivial. 

So whatever this homomorphism from £>4 to 63 is, the elements T\ and T3 have the same 
image. This means that in the group J 7 *, the elements t^t^ 1 and t^t^ 1 have the same 
action on T n .c 

Finally, for any c G B n .a and for any even integer n greater than or equal to 6, the action of J-* 
on J- n .c is cyclic. Hence the action of J-* on B n .a is cyclic. Then, according to Lemma 17.21 (iv). 
the action of B n on B n .a is cyclic. 

2.b) Case where the curve a satisfies \J- n .a\ = m ^ n — 2. 

Let S and S' be the two subsurfaces (possibly equal) of tSub^E) containing the curve a in their 
boundary. Since the action of T n is trivial on 5ub^(£), the set of curves T n .a is included in 
Bndy(S) nBndy(S'), so: 
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• if S ytz S', S and S' are two subsurfaces glued together along at least m curves in S, so the 
surface resulting from the gluing is a subsurface of E of genus at least m — 1, so g m—1, 

• and if S 1 = S", then S 1 is a marked surface and its mark contains m curves, so the surface 
resulting from the gluing is a subsurface of £ of genus at last m, so g ^ to. 

Hence in both cases, g ^ m — 1. However on one hand g ^ ^, on the other hand, to ^ ra — 2. So 
we get ^ ^ n — 3. The only possible integer n ^ 6 that satisfies this condition is n = 6. Then 
5 = 3, to = n — 2 = 4, S ^ S', and Bndy(S') fl Bndy(S") is reduced to T n .a. Moreover, the whole 
genus of X comes from the gluing of S and S' along the curves of T n .a, so it cannot exist in 
5ub_4(S) another pair of subsurfaces (T, T') such that Bndy(T) fl Bndy(T') contains m curves 
of A. Hence B n .a = T n .a. We can then apply Proposition 17.31 to the action of B n (a braid group 
of order 6) on B n .Ob (a simplex of 4 curves); the action of tS n on B n .a is trivial. 

3. Let us show that the action of B n on Bndy(£_/i) is cyclic. 

Let a be a curve of A and let a + and a~ be the two boundary components of coming from 
the cut along of the curve a. According to step 2., the action of T n on A is trivial, so the action 
of J 7 * on Curv(S) via p fixes the curve a, so the action of J 7 * on Bndy(S^) via p preserves 
{a + , a~}. But J 7 * is isomorphic to B n -2 and n — 2 > 2, so according to Proposition 17. 3( the 
action of J 7 * on {a + , a~} is cyclic. Since this is true for all curve a of the set A, the action of J 7 * 
on Bndy(S_4) is cyclic. So according to Lemma [7.21 (iv). the action of B n on Bndy(S_4) is cyclic. 

□ 

7.2 Curve simplexes which are orbits under J in a (Go) have less than n curves 

Recall that n ^ 6 is an even number, S = S 5 b where g ^ ^, and p : B n — > VA4od(T,) is a 
noncyclic homomorphism. Let 5 be the element T]T2 . . . T n -\ of £>„ and let be the subgroup of 
i3 n spanned by <5. For all integers i 6 {0, . . . , n - 1}, we have: 

tfi-^- 1 = Ti+1 . 

We deduce from it an action of J on t/o defined as follows: for all integers i € {0, . . . , n — 1}, 
we set: 

S.Ai = p(5)A i p{5)~ 1 = A i+1 . 
We define also an action of J on V(Go), the power set of Qq, by setting for all subsets /C of Qq: 

SX = {5. A, A£lC} = {p{5)Ap{5)-\ A e JC}. 

The J'-coloration a and the associated spectrum sp. 

A J -coloration on a ^7-set 6 (i.e. a set £ together with an action of J on 6) is a map col of Qq 
in V(£ ) (the power set of £) compatible with the actions of J7 on £/o an d on 5, i.e. such that for 
any A € Qq, we have: 

col{5.A) = 5.col(A). 

Given a ^-coloration col, we call spectrum associated to col the map of £ in V(Qq) that associates 
to any element e € £ the following set {A £ Go, \ e G co/(^4)}. 

Proposition 7.5. T/ie restriction of the map a from Qq in Curv(S), which associates to any 
mapping class A £ Go its canonical reduction system cr(A) C Curv(X), is a J -coloration. 
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Proof. The map a is a ^/-coloration, since, for all A G Go, we have: 

S.a(A) = {S.a, a G a (A)} 

= {p(6)(a),aea(A)} 

= {a', a' e a(p(8)Ap(5r 1 )} 

= a(5.A). 

□ 

Notation 7.6. In this section, we will denote by sp the spectrum associated to the ^-coloration 
a. Thus by definition, for all a G Curv(S), 

sp(a) = {A G Go | a G cr(A)}. 

By considering the action of J7" on (Jo? ° n f(^o) anci on ^ u b CT (g ) (S), we will show the following 
result. 

Proposition [7Tl 11 Let a be a curve of cr(Go)- Then J .a contains at most n curves. The limit 
case |J7".a| = n can be achieved only when J .a is not a simplex. 

Steps of the proof. The proof of this proposition calls for: 

• a lemma on the graphs together with a cyclic action (cf . Lemma IT. 7|) , 

• a lemma proposing a first version of Proposition 17. Ill (cf. Lemma |T.8[) . 

• a lemma treating a special case (cf. Lemma [T. 9|) . 

• a corollary proposing a second version of Proposition 17.111 (cf. Corollary 17. 10[) . 
The proof of Proposition 17.111 is on page [68] 

In the remainder of this section, we will use the following notation. 

Notation. For all integers k and all nonzero integer d, let us denote by [k]d the remainder of 
the euclidian division of k by d. For instance, recall that we write Ak instead of A^ n , and 
instead of rm. 

Lemma 7.7. Let T be a connected nonoriented graph whose number of edges is m. We assume 
that there exists an action ofL onT, which is compatible with its structure of graph, and which 
is transitive on the set of edges. Then the pair graph- action (r, .) is one of the following pairs: 

(a) The graph T consists in k vertices and m edges where k is equal to 2 or to a divisor of m 
(cf. Figure [77]) : 

vertices: S = {Pi ; ^ i ^ k — 1} , 
edges: A = {ao, • • • , a m _i} and there exists an integer p coprime with k 
(p = 1 if k = 1) such that for all integers i G {0,..., m — 1}, 
' the edge a% joins the vertices P\i\ k and Q[i+ P ] k . Thus, for all integers 

i G {0, . . . , k — 1}, the vertices Pi and P^ +p j k are joined by the d edges 
0[i] m , 0[ i+fc ] m , . . . , 0[ i+ ( d _i) fc ] m , where d = m if k = 2 and d = 'f other- 
wise. 

The action associated to this graph V is given by l.P{ = P[i+i] fc and l.aj = a[«+i] m for all 
integers i i G {0, . . . , k — 1}. 
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(b) The graph T consists in k + 1 vertices and m edges where k and £ are two integers greater 
than or equal to 1 and coprime and m is a multiple of kl (cf. Figure [77]) : 

vertices: S = S\ U 1S2 where S\ = {Po, ■ ■ ■ , Pk-i} and S2 = {Qo> • • • > Ql-l\t 
edges: A = {ao, • • • , a m _i} such that for all integers i € {0, . . . , m — 1}, the edge 
< a, joins the vertices P\s k and Q[i] e - Thus, for all integers i £ {0, . . . , k — 

1} and j G {0, . . . , m — 1}, the vertices Pi and Qj are joint by d edges 
where d = |§ . 

The action associated to this graph T is given by l.Pj = by l.Qi = Qu+i] e and by 

1.0* = a[j+i] m f or all integers i 6 {0, . . . , k — 1} and j € {0, . . . , m — 1}. 

Case (b) with (m, d, k, P) = (12, 4, 3, 1) 




Case (a) with (m, k,d) = (12, 1, 12) Case (b) with (m, d, k, P) = (12, 6, 1, 2) 




Figure 11: Four examples of graphs with 12 edges, together with a transitive Z-action on the 
edges. 

Proof. We check easily that the proposed graphs together with the Z-actions described in the 
statement exist (cf. Figure [TT]) and that the actions are transitive on the edges. Conversely, let 
us show that under these assumptions, V is necessarily one of the announced graphs. We begin 
by the graphs with just one or two vertices: 
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• if r has only one vertex and consists in a bouquet of m circles, then this is a special of case 
(a) with k = 1; 

• if r has exactly two vertices and if they are swapped by the Z-action, then we are in case 
(a) with k = 2; 

• if r has exactly two vertices and if they are fixed by the Z-action, then we are in case (b) 
with (k, i) = (1, 1). 

Let us focus on the graphs together with a transitive Z-action on the vertices, having at least 
3 vertices. Let m be the number of edges. Since the action is cyclic, mZ acts trivially on the 
edges. Notice that any vertex P can be identified by the set of edges ending in P. Indeed, if 
two distinct vertices were the extremities of the same edges, then by connectedness, the set of 
vertices of the graph would be reduced to these two vertices, which contradicts our hypotheses. 
Hence any trivial action on the edges induces a trivial action on the vertices. Thus mZ acts 
trivially on the set of vertices. Hence, We can quotient the action of Z by mZ and thus get an 
action of Z/mZ on T that acts freely and transitively on the edges. The action of Z/mZ on the 
non ordered pairs of vertices {p, q} where p and q are the extremities of a same edge is hence 
transitive as well. We deduce that there exist one or two orbits of vertices under the action of 
Z/mZ, whether the extremities of a same edge belong to a same orbit or not. 

Case (a): one single orbit of vertices. Let k be the number of vertices with k ^ 3. Since the 
vertices form a single orbit under the action of Z/mZ, k must divide m, so the fcZ/mZ-action 
on r must fix the vertices; and for each pair of vertices (Si, S2) linked by some edge, fcZ/mZ 
acts freely and transitively on the d = m/k edges whose extremities are S\ and S%. Let V be 
the graph obtained from the graph V when we identify the edges having the same extremities. 
The quotient of Z/mZ by fcZ/mZ, isomorphic to Z//cZ, acts on V and acts transitively on the k 
edges and the k vertices of the graph T. Let us call Po, Pi,. . . , P^-i the k vertices of T so that 
for all I £ Z/fcZ, we have l.P§ = Pf. Let p be an integer in {1, . . . , k — 1} such that the vertices 
Po an d P p are joined by an edge. We obtain the left-hand side graph in Figure [T2l Notice that k 
and p are coprime, because the graph T (and consequently the graph T) would not be connected. 
Let us come back to the graph T, we denote its vertices in the same way: we denote by ao one 
of the d edges ending in Po anci Pp-, anci f° r all ^ G {1, 2, . . . , m — 1}, we denote by ai the edge 
Lao of extremities P[g\ h and P^ +p ] fc . We get the right-hand side graph in Figure [T2l 




Figure 12: Example of a graph of type (a) where k = 5, £ = 3, d = 2, m = 10. 
Case (b): two orbits of vertices. 
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Let A be the set of edges. We assume now that, for all edges a G A: 

the extremities of a belong to two different orbits. (1) 

Let ao be an edge, Pq and Qq the extremities of oq. Let S± be the orbit of Po and let k be the 
cardinality of S± . Similarly, let 52 be the orbit of Qq and let £ be the cardinality of 52 . We name 
the vertices of S\ and of £2 so that for all i G {0, . . . , k — 1}, j G {0, ...,£— 1}, and p G Z, 

p.Pi = -P[i +P ] fc , p.Qi = Q[i+ P ] r and p.ai = a[ i+p ] m . (2) 

We have then S± = {Po, ■ ■ ■ , Pk-i} and S2 = {Qo, • ■ ■ , Qe-i}- The integers k and ^ must divide 
m, for the action of the integer m on the vertices is trivial. Since the cardinality of the orbit of 
Po is k, the stabilizer of Po is kTLjmTL. Similarly the stabilizer of Qq is ffl/mZ. We deduce the 
following equalities between sets: 

J {a G A j Po is an extremity of a} = (kZ/mZ).ao, , . 

\ {a G ^4 I Qo is an extremity of a} = (€Z/mZ).ao, 
We will say that two edges are adjacent if they share at least one extremity in common. Then: 
{a € I a is adjacent to ao} = (/cZ/mZ U ffl/mZ) .ao- (4) 
Since the action of Z/mZ is transitive on the edges, equality (4) holds not only for ao, but for all 
the edges in T. Then, given a path of edges starting with the edge ao, namely a finite sequence 
of edges (a = ao, a[, . . . , a' r ), r ^ 1, such that a\ n a- +1 7^ for all % ^ j — 1, the last edge a' r 
must satisfy: 

a' r G (kZ/mZ + eZ/mZ).a' . 

But r is connected, hence any edge of T can be seen as the last edge of some path of edges 
starting with a, hence K/mZ + ffl/mZ = Z/mZ. Since k < m and £ < m , it follows that: 



k and £ are coprime. (5) 

Let us determine d, the number of edges having the same extremities as ao (cf. Figure [T3]) . 
According to (3), the set of edges is (K/raZ).a n (ffl/mZ).a, so, using (5) we get: 

{edges of extremities Pq and Qq} = ((M)Z/mZ) .ao, (6) 



Hence we count exactly d = edges (including ao) having the same extremities as ao- 




Figure 13: Action of Z on a. The points Qi, Q2, ■ ■ ■ , Qz form the orbit of Q\. 

From m, k, £, we can now describe completely T and the action of Z/mZ on T. For all i £ 
{0, . . . , fc — 1} and all j G {0, . . . , I— 1}, according to the Chinese theorem, there exists a unique 
integer u G {0, . . . , kt — 1} such that u is congruent to i modulo k and to j modulo I. Then 
according to (6): 
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{edges of extremities Pj and Qj} = {(u + pk£).ao, ^ p ^ d — 1} 

= O-u+kC • • • j a u+(d-l)/w}- 

Thus we get the m = dfc^ edges of T. Such a graph is characterized by the triple (m, fe, i) or 
equivalently by the triple (d, k, £). □ 




Figure 14: A simplex of 12 curves {aj,i € Z/12Z} in £6,0) an d a Z-action in .Mod(£6, o) such 
that for all k <G Z and all i € {0, ... , 11} : 

fc.dj = a[i+fe] 12 ! 

fc-fi = -f[j+fc] 4 ) 



Lemma 7.8. Lei £ be a surface £ g ,&- Lei A be a simplex of at least three curves in £. We assume 
that there exists a homomorphism Z — >• PA / (od(£) whose image preserves A and that induces a 
transitive action on the curves of A. Then the cardinality of A is smaller than or equal to 2g. The 
equality \A\ = 2g can happen only if g = 6 and 6 = 0. In this case, the position of the curves of 
A and the action of 7L on these curves are unique, up to homeomorphism; this case is represented 
in Figure \1J\ where the action of ' Z is given as follows: let us denote by {aj,0 ^ % ^ 11} the set 
of curves A, and by {Po, P%, P2, P3} and {Qo, Q\, Q2} the seven subsurfaces o/5ub^(£), then 
for all k € Z and all i G {0, . . . , 11} ; we have k.cii = au + u 12 t k.Pi = Pu+kUi k.Qi = Qu+k] 3 - 

Proof. 

1. Let us show Lemma \7.8\ in the case where 6 = 0. 

Let r be the graph T(£; A). The action of Z on £ induces an action of Z on T that is 
transitive on the edges. Then T is one of the graphs described by Lemma 17.71 We are going to 
bound the cardinality |„4| as a function of g, the genus of £. To do so, according to Lemma [7.7[ 
we denote by: 

• m = \A\ the number of curves of A, also equal to the number of edges of T, 

• S the set of vertices of T, 

• c the number of independent cycles of T, we have: c = 1 + \ A\ — \S\, 

• h the number of vertices in T of degree 1 or 2. 

Let us recall that 6 = 0, hence the vertices of degree 1 or 2 correspond in £ to connected com- 
ponents having only one or two boundary components. Therefore, these connected components 
must be of nonzero genus, whence g ^ c + h. Moreover, by hypothesis, m ^ 3. 

In the case (a) of Lemma [7.7| we set k = \S\. Then: 
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• if k 



1, then c = m, but g ^ c, so m ^ g. Therefore, m < 2g; 



• if k 



2, then c = 1 + m — 2 = m — 1, whence g ^ c 



m-l>|, som< 2g; 



• if A; ^ 3, we then set d = We have c = 1 + m — /c = 1 + - — j^— ■ Hence: 

— if d = 1, all the vertices are of degree 2, hence h = k = m and we have: g ^ c + k = 
1 + m, so m < 2g; 

- if d ^ 2, then: g ^ c > 1 + § , so m < 2g. 

In the case (b) of Lemma 17.71 let k and £ be the cardinalities of the two orbits S\ and £2 of 
vertices and d = Even if it means swapping 5i and 1S2, we can assume that k ^ I. Let us 
recall that k and £ are coprime. For each triple (d,k,£) that respects these two conditions, let 
us compare m and 2g. 

• if (d, k, I) = (1, 1, m), then the £ vertices of S2 are of degree 1, so h = £ = m, so g ^ h = 

£ = m , so m < 2g; 

• if (d, fc, £) = (1, 2, f ), then c=l + m-(2 + f) = f-l. Now, the I = f vertices of 5 2 
are of degree 2, so h = ? anci g^c+h=m— 1, so m < 2g; 

• if (d,k,£) = (1,3,4), then c= 6 and m = 12, so 5 ^ y, so m ^ 2g; 

• if (d, &;, £) = (1, 3, 5), then c = 8 and m = 15, so g ^ 2 2 1 , so m < 2g\ 

• if (d,k,£) = (l,k,£) with A; = 3 and £ ^ 7, or k ^ 4 and £ ^ 5 (recall that and £ are 
coprime), then c = 1 + m(l — 7 — \). Then i + i ^ i, so 5 ^ c ^ 1 + y, so m < 2g; 

• if (d, £) = (2, 1, y)i then a vertex is of degree m and y vertices are of degree 2, so /i = y 
and c=l + m— (1 + y), so g ^ /i + c = m, so m < 2g; 

• if (d, fc,£) = (d, 1, with d ^ 3, then we have d + 1 vertices and dm edges. So c = 
1 - (1 + f ) + (dm) = 4=±m. But ^ > ±, so g ^ c ^ f and finally, m < 2g; 

• if (d, A;, £) = (m, 1, 1), then g^c=l + m — 2 = m — 1. But m ^ 3, so m < 2g; 

• if (d, fe, £) satisfies d ^ 2, fc ^ 2 and £ > 2, we have c = 1 + m - (k + <). But k£ = ^ § , 
so k + £ y (indeed, a sum of integers is always smaller than or equal to a product of 
these two integers as soon as they are greater than or equal to 2), so g ^ c ^ 1 + y, so 



Finally, in all the cases, m ^ 2g. The equality case comes only in the case (b), when the triple 
(d, A;, £) equals (1, 3, 4), cf. Figure \TT\ top-right-hand graph. The corresponding surface together 
with the curves of A, indexed in a self-understanding way with respect to the action of Z, is the 
surface Sq.o depicted in Figure [T4l 

2. Let us show Lemma \7.8\ in the case where b > 0. 

Let us assume that we have a surface £ together with a simplex A of at least three curves, 
and a homomorphism ip of Z to VMod{S) whose image preserves A and induces on its curves a 
transitive action. Then, after having applied the map sq to £ and A, and after having replaced 
(p by sq* o tp 1 we have boiled down to the case without boundary. Since the simplex A contains 
at least three curves and since the action of Z induced by (p is transitive on A, we can apply 



m < 2g. 
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Proposition 14,91 A and sq(*4) consist in the same number of curves. Hence \A\ ^ 2g, and if 
\A\ = 2g, then |sq(«4)| = 2g, so according to what we just saw in the case without boundary, 
the only pair (sq(S), sq(-4)) satisfying |sq(^4)| = 2g is the one of Figure [141 Now, according to 
Proposition 14. 9| for all subsurface S £ 5ub^(E), we have: 

sq(v9(l)(5))=sq*Ml))(sq(5)). 
In the case without boundary, no subsurface is preserved by sq*(<^(l)), so no subsurface is 
preserved by <p(l) in the case with boundary. This is absurd for a subsurface of 5ub^(S) having 
some common boundary components with £ is preserved by any mapping class of VAiod^Y,). 
Hence in a surface of genus 6 with boundary, the curves of A cannot be arranged as in Figure 
H4l Therefore, when the boundary is not empty, we have \A\ < 2g. □ 

In order to better understand the situation depicted in Figure [14j when the role of A is played 
by the set of curves o~(Go), coming from a homomorphism p from B\2 to Aiod(T,Q^), we prove 
the following lemma: 

Lemma 7.9. Let £ be the surface £6, o an d let p be a homomorphism from B\2 to .Mod(£). 
We assume that there exists a simplex A of 12 curves in a(Go) such that a subgroup of J acts 
transitively on A. Then p is cyclic. 

Proof. Let A be a simplex of 12 curves in a(Go) such that a subgroup K, of J = (<5)g 12 acts 
transitively on it. We want to show that p is then cyclic. To do so, we assume that p is not 
cyclic and we look for a contradiction (actually, we will use the fact that p is not cyclic to show 
that p is cyclic! This is the expected contradiction). 

Let 7 be a generator of K and let k be an integer such that 7 = 5 k . Even if it means replacing 
A by S^.A where I is an integer, we can assume that A fl o(Ao) is n °t empty. Let ao be one of 
the curves of A fl o~(Aq). For all i £ {1, . . . , 11}, let us denote by aj the curve 7*.ao- It belongs 
to cr(Aki). Then A is the set {aj, ^ j ^ 11}, and the surface £ together with the curves of A 
and with the action of fC on X and on A is (up to homeomorphism) the surface together with 
the 12 curves and with the Z-action depicted in Figure H4l 

1. Let us show that k is coprime with 3. 

Let us argue by contradiction. Let us assume that k is a multiple of 3 and let us set k' = |. 
Let us then set C = (5 2k '). We are going to show that C.ao contains 18 curves, then to show 
that this is absurd. First, we check that: 

• a 6 = 7 6 .a / a , so 5 ek .a ^ a , so (5 2k ') 9 .a / a ; 

• a 8 = 7 8 -Oo °o, so 5 8k .a ^ a , so (5 2k ') 12 .a / ao; 

• 7 12 .a = ao, so 5 12k .a = ao, so (<5 2fe ') 18 .ao = ao- 

Consequently, C.ao contains 18 curves. Furthermore, C.ao is included in ct(Aq) U 17(^2) U • • • U 
a{A n -2)i which is a simplex, for the group A2, ■ ■ ■ , A n _2 ) is abelian. Finally, C.ao is a 
simplex of 18 curves in S, but this is absurd because as it is well known, the greatest simplex in 
£ contains 3^ — 3 + 6= 15 curves. Hence k is coprime with 3. 

2. Let us show that l[A, o~(Go) ) = 0. 

Let us argue by contradiction. We assume that there exists a curve c of a (Go) that intersects 
a curve of A. Since o~(Go) is stable by /C, we can assume without loss of generality that c belongs 
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to (t(A±i) and intersects ciq. According to Figure [TU there exists a pair of pants P in S whose 
boundary components are ao, 04 = 7 4 .ao and ag = 7 s . ao- But the curves 04 and as belong to 
a(7 4 .^ )Ucj(7 8fc .Ao), hence belong to a(o 4fc .A ) Ua{5 8k .A ). Now, jfc is coprime with 3 according 
to step 1., so 4k and 8k belong to 4Z \ 12Z. Hence a(S ik .A ) U a(5 8fc .^ ) C a(A 4 ) U (t(A 8 ). 
Moreover ^4±i commutes with A4 and ^4s, so the only boundary component of P that c intersects 
is ao, and neither 04 nor a%. Let us consider now the image of this situation by 7 4 . The pair 
of pants P is stable by 7 4 , but c is sent on a curve 7 4 .c that intersects only 04, cf. Figure H5l 
Because of a lack of room in the pair of pants P, these two curves c and 7 4 .c must intersect. Yet 
c and 7 4 .c belong respectively to o~{A±\) and o{A 4 k±\) U a(Agi c ±i). Since A±\ commutes with 
A±k±i and A%k±i, the curves c and 7 4 .c cannot intersect: this is a contradiction. 




Figure 15: The curves c and 7 4 .c must intersect in P. 

3. Let us show that A = J .ao; in other words, everything happens as if /C = J . 

Let us denote by SIC the set {<5£, £ € fC} and by 5. A the set {5.x, x € *4}. Let us assume that 
K, 7^ J . Then it is clear that fC and <5/C do not share any element in common. Since A and 5. A 
are the orbits of curves under the action of /C, we have A = 5. A or Ad 5. A = 0. If A(~)5.A = 0, 
then A U 5. A contains 24 curves. In addition, according to step 2., we have I(o~(Qo), A) = 0, 
so 5. A C o~(Qq), so 7(5.^4, .4) = 0, so A U 5. A is a simplex. Finally, A U 5.„4 is a simplex of 24 
curves. But this is absurd for in S, the largest simplex contains 3g — 3 + b = 15 curves. Hence 
A = 5. A. Then A is stable by J , so A (namely fC.ao) is equal to J '.ao. So /C.ao = J .a§. So 
everything happens as if /C = J (actually we have proven that k is coprime with 12). 

Notation. 

• Let D be the mapping class p(5). 

• For all integers i E {1, . . . , 11}, let a, be the curve 7?*(ao) so that ai € a(Ai). According 
to step 3., we have the equality A = {aj, ^ i ^ 11}. 

• Let Qq (respectively Q\, resp. Q2) be the subsurface of 5ub^(S) that is bounded by the 
curves ao, 03, a§ and ag (resp. a\, a 4 , aj and aio, resp. 02, 05, as and an), cf. Figure [T4l 

4. a) Let us show that o~(Go) C A U Curv(Qo U Qi U Q2) anc ^ f or a H x £ °"(£?o) x ^ we ^aue 
T) 3 (x) = x. 

If there exists a curve x belonging to o~(Qq) \ .4, the curve x does not intersect any curve of 
A according to step 2.. Now, all the subsurfaces of 5ub^(S), except Qq, Q\ and Q2, are some 
pairs of pants, so x belongs to Curv(Qo)> Curv(Qi), or Curv(Q2)- Even if it means considering 
D(x) or D 2 (x) instead of x, we can assume that x belongs to Curv(Qo)- Then D 3 (x) belongs to 
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Curv(Qo) as well. Let i be an integer of {0, . . . , 11} such that x € a(Ai). Then D 3 (x) belongs 
to a(Ai + 3). Since Ai and Ai + % commute, x and D 3 (x) cannot intersect. But Curv(Qo) does not 
contain any simplex of two curves, so D 3 (x) = x. 

4. b) Let us show that a(D) C A U Curv(Qo U Q\ U Q2) /o?" x € cr(D) \ A, we have 
D 3 (x) = x. 

According to step 3., A = J mq, so A is stable by the mapping class D, so the curves of A 
are reduction curves of D. Hence the curves of o~(D) do not intersect the curves of A. Since all 
the subsurfaces of <Sub^(S) except Qq, Qi and Q2 are pairs of pants, the curves of a(D) belong 
to „4uCurv(Qo) UCurv(Qi) UCurv(Q2)- Moreover, for all i £ {0, 1, 2}, the surface Qi does not 
contain any simplex of more than one curve, since in the case of Qi, we have 3g — 3 + b = 1. 
Hence a(D) nCurv(Qj) is empty or is reduced to one curve. Now, D 3 preserves a(D) flCurv(Qj), 
so D 3 must preserves this curve. 

5. Let us show that a(Go) \ ^ C cr{D) \ A, and let us describe a(D) \ A: if cr(D) \ A is 
not empty, then a(D) \ A contains three curves, one included in Qq which we denote by cq, and 
two other curves c\ = D{cq) and C2 = D 2 (cq) included respectively in Q\ and Qi- 

According to the action of D on A, D permutes Qq, Qi and Q2, whereas Z) 3 preserves each 
of them. Let us denote by D 3 the restriction of D 3 on Qq: D 3 belongs to A4od(Qo)- Let us 
focus on a{D) \ A, depending on the nature of D 3 , and let us show that a (Go) \ A C cr(D) \ A. 



If D 3 is pseudo-Anosov, then so is (D 3 ) 4 . But D 12 is in the center of p(B±2), so all the 
curves of a(p(B\2)) are some reduction curves of D 12 . Therefore Qq do not contain any 
curve of a(p(Bu))- Thus, 

cr(Go) \iC o~(D) \ A = 0. 

If D 3 is periodic, then D 3 would be the isotopy class of a positive diffeomorphism of finite 
order according to Kerckhoff's Theorem. Now, according to Kerekjarto's Theorem (cf. 
[Kj]), such a diffeomorphism is conjugate to a rotation of the sphere. But if such a rotation, 
of order 4 here, preserves a curve c, it preserves also each of both hemispheres bounded by 
this curve. Hence one of these two hemispheres contains the orbit of do, that is to say the 
four boundary components ao, 03, a^, ag, so the other hemisphere is homeomorphic to a 
disk. Hence the curve c bounds a disk. Hence D 3 does not preserve any curve of Curv(Qo)- 
Hence according to step 4. a) step 4.b), 

a(Go) \ A C a(D) \A=0. 

If D 3 is reducible, let us denote by cq an essential reduction curve of D 3 . Then o~(D 3 ) = {cq} 
according to step 4.b). Hence J .cq is a set of three curves, one in Qq, one in Q\ and one in 
Q2. Now, any curve of Curv(Qo) different from cq intersects cq, so by definition of a(D 3 ), 
this curve is not a reduction curve of D 3 , hence it cannot be preserved by D 3 . So according 
to step 4., a(Go) nCurv(Qo) C {cq}. Hence if D 3 is reducible, we have: 

<j(Go) \AC a(D) \ A = J -Cq = {c , Ci, C 2 }, 

where c\ = D(cq) and C2 = D 2 (cq). 
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In order to discuss later (in steps 7. and 8.) about the stability of A under the action of B12, 
we are going to study in step 6. the stability of J .cq under the action of B\2- Of course the set 
J .cq has some meaning if the curve cq is defined, that is to say when <r{D) \ A 7^ according 
to step 5.. 

6. Let us show that if a{D) \A^0, then the action of Byi via p on Curv(S) preserves J.cq. 

By definition of cq according to step 5., cq belongs to o~(D). Since o~(D) is stable by D, 
o~(D) contains J.co, and if ao belongs to cr(D), then o~{D) contains J .a§ that is equal to A, 
whereas if ao does not belong to cx(-D), then o~(D) A = 0. Now, according to step 5., o~(D) 
is included in J ' .cq U A. Hence o~(D) = J ' .cq or o~(D) = J.cq U A. But, for all £ € ,612, the 
mapping class p(£) commutes with D 12 , so p(£)(a(D 12 )) = a(D 12 ), and so p(^)(a(D)) = o~(D), 
since a(D 12 ) = o~(D). Hence the action of B12 via p on Curv(E) preserves the curves of o~(D). 
Then if o~(D) = J.cq, we have shown that the action of B12 via p on Curv(E) preserves J ' .cq. 
We still have to study the case where o~(D) = J .cq U A. We are going to show that: 

Any mapping class that preserves J.cq U A preserves J.cq and preserves A. (1) 
Since the action of B\2 via p on Curv(S) preserves o~(D) = J .cq U A, it preserves J.cq. So, 
proving (1) is enough to show step 6.. 

Let us show assertion (1). The curve cq lies in Qo> is separating in Qq and so induces a 
partition of Bndy(Qo) i n two subsets: the boundary components located on an edge of cq and the 
boundary components located on the other one. Since the curve cq is stable by D 3 , this partition 
must be stable by D 3 . The boundary components of Qq are the curves ao, 03, a6, ag, and their 
images by D 3 are respectively 03, ag, ao, so this partition can only be {ao, a^} U {03, ag}. 
Indeed, it is clear that the two other partitions {ao, 03} U {a,Q, ag} and {ao, ag} U {03, a^} are 
not stable by D 3 . Let us consider the graph a(D)), cf. Figure [TBI on the right-hand side. 

We see that the smallest injective cycle of edges containing ao contains four edges, for example 




Figure 16: The graph A) on the left-hand side, the graph r(S, J .cqUA) on the right-hand 
side. 

the cycle ao, 04, aio, a&, whereas the smallest injective cycles of edges containing cq contains six 
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edges, for example the cycle ao, cq, (13, an, C2, as- Then, any mapping class preserving J '.cq UA 
induces an action on the graph JT.Cq U A), but cannot swap in this graph two edges such 

that ao and cq, since they have different combinatoric properties, as we have just seen it. Hence 
any mapping class that preserves J .cq U A preserves J .cq and preserves A: the statement (1) is 
proved. 

7. Let us show that if the action of B\2 on Curv(E) preserves A, then p is cyclic. 

Since we assume that the action of B12 on Curv(S) preserves the curve simplex A, we can 
apply Proposition 17.41 and conclude that B12 ac ts cyclicly on A, and so F12 acts trivially on 
A. Let us consider the subgroup T\ 2 of T\i which is isomorphic to £>io- Then for any surface 
S £ 5ub^4(S), the homomorphism p restricted to J-f 2 induces a homomorphism in VA4od(S). 
Since S is of genus zero and T\ 2 is isomorphic to i3io, we can apply Theorem 14 . 41 and conclude that 
the restriction of p to J-f 2 induces in VMod(S) a cyclic homomorphism. Hence the restriction 
of p to induces in VAiod(T, A ) a cyclic homomorphism. Thus the group p(Fl 2 ) included in 
V A A4od(Y,) is sent in "P.Mod(£^4) on an abelian subgroup G. Let us consider the below diagram. 

p(Ji* 2 ) C V A Mod(E) -^-> VMod(Z A ) D g 




G C V A Mod(Z) Mod{Y, A , 8Z A ) DG = far^(5) 

Starting from G, we successively define the groups: 

• G = for q^ a (G) where forgj^ A : A^od(S^4, dT, A ) — > VMod(T, A ) is the canonical "forget" 
homomorphism. According to Lemma 13. 7| G is abelian, 

• G = rec A {G) where rec A : A4od(T, A , dT,) — > V A Aiod(Y^) is the gluing homomorphism 
along the curves of A. The group G is abelian since G is. 



By construction, p(J~ 12) is included in G, an abelian group, so p(J~\2) ^ abelian. Since 3~\ 2 is 
isomorphic to B\q and since the abelianization of B\q is cyclic, if follows that p(J~i 2 ) is cyclic. So 
the mapping class p^T^ 1 ) = p^T^ 1 ) ( / o(t4T 1 ~ 1 )) coincides with the identity. Hence p{r^) = 
p(ta), so according to Lemma l3.1[ the homomorphism p is cyclic. 

8. Let us show that if p{B\2) does not preserve A, then, again, p is cyclic. 

If p{B\2) does not preserve A, it is clear that there exists a curve a! € A and a mapping 
class F E Go such that F(a') does not belong to A. Even if it means conjugating F by a power 
of D, we can assume without loss of generality that a' = ao- For all i £ {0} U {2, 3, . . . , 10}, 
the mapping class A4 commutes with Aq, hence preserves a(Ao), hence sends ao in o~(Qo). But, 
according to step 5., ct{Qq) is included in A U cr(D), that is to say that o~{Gq) is included in A 
if a(D) \ A = 0, or in A U J.c if a(D) \ A ^ 0. If a(D) \ A / 0, then J.c is stable by 
p{B\2) according to step 6., so A{ cannot send ao in J .cq. Hence in all the cases, Ai sends ao in 
A. But we have seen that .F(ao) did not belong to A, so F must belong to {A\, ^4n}. Even if it 
means conjugating F by Au(AqAii)(AiAqAii), we can assume without loss of generality that 
F = A\. Let us sum up: we have shown that 

if p{B\2) does not preserve A, then Ai(ao) does not belong to A. (2) 
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This implies that 

sp(a ) C {A , A 2 }, (3) 

for otherwise, it would exist j G {3, 4, . . . , 11} such that ao G &(Aj) and as we have just seen it, 
we would deduce that Ai(ao) would belong to A, which would contradict (2). Remember that 
by definition of ao, Aq belongs to sp(ao). Hence (3) implies that sp(ao) G {{^4o}> {Ao, ^2}}, 
whence by conjugation, 

for all i G {0, 1, . . . , n — 1}, we have sp(aj) = {Ai} 
for alii G {0, 1, . . . , n — 1}, we have sp(aj) = {Ai, A,i +2 }. 
For all I G {4, 5, . . . , 11} and all e G {1, 2}, A e and Ae commute, so A £ (ai) belongs to a{A(), 
which is itself included in a(Go)- According to step 5., cr(Go) is included in A U cr(D), so A £ {an) 
belongs to A or possibly to J .cq if cr(D) \ A 7^ 0. But we have seen that J '.cq (if it exists) is 
stable by the action of B12 according to step 6., hence A e (ag) belongs to A. Let us show that 
A e (ai) = d£. We argue differently, depending on the two cases mentioned by (4). 

• If sp(o£) = {^}, then the spectrum of each curve of A is reduced to a singleton, and the 
canonical reduction system of each mapping class of Qq contains only one element of A. 
Since A £ {an) G A H cr(Ai), it follows that A £ (ag) = ap. 

• If sp(a£) = {Ai, Ap +2 }, then an and a^ 2 are the only curves of A in a{A^). Hence 
A £ (ae) = at or A £ (ai) = a e _ 2 . If A £ (ap) = ai- 2 , we would have sp(A £ (a^)) = {A^ 2 , A(}. 
But A £ commutes with at least one of the two mapping classes Ag_ 2 or A^ +2 . If A £ 
commutes with Ai_ 2 , the fact that Ai_ 2 G" sp(a^) implies that Ai_ 2 G" sp(^4 e (a^)); whereas 
if A £ commutes with Ap +2 , the fact that A^ +2 G sp(a^) implies that Ai +2 G sp(^4 £ (a£)). In 
the two cases, the fact that sp(A £ (ci£)) = {Ai_ 2 , Ag} is contradicted, so A £ (ai) 7^ ai- 2 , so 
A £ (a £ ) = a e . 

Hence A £ preserves each curve at, 4 ^ I ^ 11. Let us set 

A' = {a e , 4 «C I sC 11}. 

Let us consider the surface T, A i Figure [T7] Since A £ preserves each curve of A', A £ cannot 
permute the connected components of S^/. Hence A £ (recall that e ranges over {1, 2}) induces 
a mapping class A £ in VMod(Yi A i). But we have the following canonical isomorphism: 

VMod(S A r) = n VMod(S), 

SeComp(E A ,) 

where Comp(S o .(g )) denotes the set of all connected components of Y^ a ^g y In other words, 
VAiodlT,^) is a direct product of mapping class groups of surfaces of genus zero (cf. Figure 
fT7l) . For any connected component S of T, A i, the images of A\ and A 2 induced in VM.od{S) 
satisfy a braid relation. But S is of genus zero, so we can apply Theorem 14.41 Hence A\ = A 2 . 
Finally, A± and A 2 induce the same mapping class in VModiT,^), so according to the following 
central exact sequence: 

1 (T,,., ^ % n - 1) -> VMod A >(E) VMod(E A >) -> 1, 
the mapping classes A± and A 2 differ from a multitwist that is central in 7 ? A4od^4'(S), so A± 
and A 2 commute in S. But A\ and ^2 satisfy also a braid relation, so A\ and ^2 have to be 
equal. In other words, p is cyclic. □ 
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Figure 17: The surface S^/ is a disjoint union of genus-0 surfaces. 



Corollary 7.10. Let n be an integer greater than or equal to 6, H a surface where g ^ ^ 
and p a noncyclic homomorphism from B n to VAiodCS). Then, any curve simplex on which a 
subgroup of J acts transitively contains strictly less than 2g curves. 

Proof. According to Lemma |7.8[ such a simplex A contains strictly less than 2g curves, except 
if g = 6 and 6 = where A can contain 12 curves. But according to Lemma [7.9[ the fact that p 
is not cyclic forbids that A contains 12 curves. This proves the corollary. □ 

We can now prove Proposition 17.111 Let us recall that n ^ 6, X = T, g ^ where g and b are 
some integers such that g ^ n/2, and p is a noncyclic homomorphism from B n to PA^od(S). 

Proposition 7.11. Let a be a curve of <j{Qq). Then J .a contains at most n curves. The limit 
case \ J.a\ = n takes place if and only if J .a is not a simplex. 

Proof. Let a be a curve of a{Go). If the orbit J .a is a curve simplex, Corollary 17.101 can be 
applied: J .a contains strictly less than 2g curves, hence strictly less than n curves. 

If J .a is not a simplex, let us show that \ J '.a\ ^ n. We can assume without loss of generality 
that a E cr(Ao), in other words, sp(a) D {Ad}- F° r an k £ {0} U {2, 3, . . . , n — 2}, the map- 
ping classes Aq and A^ commute, so according to Proposition ??.(iii), I(cr(^4o)> c(-^-fc)) = 0? so 
/(a, 5 k .a) = 0. But J .a is not a simplex. Hence o intersects one of the curves of J .a that belongs 
necessarily to cr(A„_i) or to a{A\). These two cases are symmetric and we can assume without 
loss of generality that I(a, o~{A\)) ^ 0. Then, since Aq and A2 are the only mapping classes that 
do not commute with A\, and since I(a, a{A\)) 7^ 0, we deduce that sp(a) C {Aq, A2}. Let k be 
the least positive integer such that 5 k .a = a. The integer k satisfies 5 k .sp(a) = sp(a), but since 
sp(a) C {^4o> ^2}) then k must be a multiple of n. Let p be the integer ^, so that \J.a\ = pn. 

Let us denote by K, = {5 2 }. Since \J.a\ = pn, we have \IC.a\ = p§ ^ pg. But the set 
fCAo = {Ao, A2, A^, . . . A n -2\ consists on elements that commute, so ct{1C.Aq) is a simplex. 
Hence fC.a, that is included in o-(1C.Aq), is a simplex, too. In other words, /C.a is a curve 
simplex on which /C, a subgroup of J acts transitively. Hence according to Corollary I7.10( 
\K.a\ < 2g ^ n. Hence p = 1 and \ J. a\ = n. □ 
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7.3 Partition of a(Q ): a(Q ) = cr s (Go) U a n (Go) 
Proposition 7.12 (Partition of a(Qo)). 

Any curve a belonging to (j{Qq) satisfies either all the left-hand side properties (Ig) - (6g), or all 
the right-hand side properties (Id) - (6d). 



(lg) I(a, S.a) = ; I{a, S.a) / (Id) 

(2g) |sp(a)|^2 ; |sp(o)| = 1 (2d) 

(3g) l(a,a(g )) = ; l(a,a(g ))^0 (3d) 

(4g) Vfc, sp(o) (f. {A k , A k+2 } ; 3k \ sp(a) C {A k , A k+2 } (4d) 

(5g) \J.a\<n ; \J.a\ = n (5d) 

(6g) J .a is a simplex ; J .a is not a simplex (6d) 



Notice that each of the six lines of this table contains two opposite assertions (knowing that 
\J~.a\ ^ n, as seen in Proposition 17. 11) . so that any curve a satisfies exactly one assertion per 
line. We are going to show that all the right-hand side assertions are equivalent (and so all the 
left-hand side assertions are equivalent). 

Proof. 

• Let us first show the cycle of implications (Id) => (3d) => (4d) => (5d) =>■ (6d) => (Id). 
(Id) (3d). This first implication is trivial. 

(3d) (4d). Since I(a, a(Qo)) ^ 0, there exists an integer k such that I(a, o~(A k+ i)) ^ 0. But 
for all i £ {0, . . . , n — 1} n {k, k + 2}, the mapping classes A k+ \ and A{ commute, so according 
to Proposition ??.(iii), I(a(Ai), a(Ai)) = 0. Hence a cr(Aj). Thus sp(a) C {A k , A k+2 }. 

(4d) (5d) Let us assume for example that there exists an integer k such that sp(S k .a) = 
{Aq, A 2 } (the situation is even more simple if sp(<5 fc .a) is a singleton). Then for all integers i, 
we have sp(5 fc+ \a) = {Ai, A{ +2 }. But S i . a = a only if sp(<5 fc+ \a) = sp(S k .a), hence only if i is a 
multiple of n. So \J.a\ ^ n. So, according to Proposition 17.11] \J.a\ = n. 

(5d) =>■ (6d) This is the second part of Proposition 17.111 

(6d) (Id) Let us start from a curve a € cr(Qo), and let us denote by A its orbit J .a. We 
have: 

I (A, A) = Yl I(^-a,5 j .a) 

Y I{S\a,S j .a) 

Q ^ i < n - 1 
j £ {i - 1, i + 1} 

= nl(a , S.a) + nl(a , S~ .a) 
= 2n I{a , S.a). 

Hence if A is not a simplex, in other words if I (A, A) ^ 0, then I (a , <5.a) ^ 0. 

• We terminate the proof of Proposition 17. 12l by showing the implications (Id) =>■ (2d) (4d). 

(Id) => (2d) If /(a, <5.a) 7^ 0, then the action of S~ 1 on the pair (a, <5.a) implies that I(5 _1 .o, a) 7^ 
0. Let i be an integer in {0, 1, . . . , n — 1} such that a € a{Aj). Then we have S.a 6 a{Ai + \) and 
S^ 1 .a € er(j4j_i). Hence according to Proposition ??.(iii), the inequality I(a, S.a) 7^ implies the 
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inclusion sp(a) C {Ai, Ai +2 } and similarly, the inequality 1(5 .a, a) 7^ implies the inclusion 
sp(a) C {Ai_2, Ai}. Finally we have sp(a) = {Ai}. 

(2d) => (4d) This last implication is trivial. □ 



Fundamental remark. Recall that we have defined the special curves as being the curves 
a G (J (Gq) satisfying I(a, o~(Go)) 7^ 0, and the normal curves as being the curves a G <j(Go) 
satisfying I(a, a(Go)) = 0. In other words, the special curves are those satisfying the right-and 
side assertions of Proposition 17.121 and the normal curves are those satisfying the left-hand side 
assertions of Proposition 17.121 

7.4 Stability and existence results 

This subsection is devoted to Propositions I7.13[ and 17.141 concerning the stability of the 
normal and the special curves , and to Propositions 17.161 and 17.171 concerning the existence of 
special curves, all being crucial, and more especially Proposition 17. 161 

Proposition 7.13 (Stability of the special curves). 
(i) The set a s (Go) is J -stable. 

(ii) For any i ^ n — 1, the set a s (Ai) is stable by all the elements of Go \ {^4j_i, 
Proof. 

Let us show item (i). 

For all a G cr s (Go), we have I(a, S.a) 7^ 0. From the point of view of the curve S.a, we have 
l(5.a, a(Go)) 7^ 0. As Go is stable by the action of 5 via p by conjugation on 'P.Mod(X), the 
curve 5. a belongs to cr(Go)- Finally, 5. a belongs to a s (Go)- Hence o~ s (Go) is ^7-stable. 

Let us show item (ii). 

To simplify the proof, we set i = 0. Let a be a special curve of o~ s (Ao). Let j be an integer in 
{3, . . . , n — 2} so that Aj commutes with Aq and A\. Then Aj(a) £ o~(Aq) and Aj(5.a) € a(A\). 
By hypothesis, a is special, so L(a, 5. a) ^ 0. Then, when we apply Aj to the pair (a, 5. a), we 
get L(Aj(a), / 0, so Aj(a) G a s (A ). 

Symmetrically, when j = 2, if we replace 5.a by d^ 1 .a, we show that L(A2(a), cr(^4 n _i)) ^ 0, 
so A 2 (a) G os(A ). 

We have one more case to deal with, when j = 0. Let us start again from a G a s (Ao). Then 
Ao(a) G o-(Aq). We want to show that Aq(o) is a special curve. We are going to show that 
| J .(Aq(o)) j = ra, which is enough according to Proposition 17.121 Since a is special, we have 
sp(a) = {A)}- Now, for all I G {2, . . . , n — 2}, the mapping class Ag commutes with and 
a G" a (Ag), so Ao(a) G" a(Ag). Hence we have: 

{A } c sp(4)(a)) C {A n _i, A , A x }. 

So for all integers k, 5 k .sp(Ao(a)) = sp(Ao(a)) if and only if k is a multiple of n. So, if 5 k .Aq(o) = 
A$(a) then k is a multiple of n, so | j7.(v4o(a))| ^ n. Hence according to Proposition 17.111 we 
have |j7.(Ao(a))| = n. So A§{a) is a special curve. □ 
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Proposition 7.14 (Stability of the normal curves). 

The set a n (Go) is B n -stable and the actions of B n via p on a n (Go), on 5ub CTn (g )(S) and on 
Bndy(S CTn( g o) ) are cyclic. 

Proof. Let us recall that according to Proposition 17. 12] o~ n (Go) is a simplex. Then if we show 
that cr n (Go) is 23 n -stable, we can apply Proposition 17.41 (according to which any action of B n on a 
curve simplex £? n -stable is cyclic) and deduce from it Proposition 17.141 Let a be a normal curve. 
We proceed as follows: 

1. We show that A\(a) belongs to cr(Go)- 

2. We show that A\{a) is not special, hence is normal. 

3. Therefore a (Go) is £> n -stable. 

1. Let a be a normal curve. According to assertion (2g) of Proposition 17. 12| sp(a) contains at 
least two elements Ai and Aj with ^ i < j ^ n — 1, and according to assertion (4g) of the same 
proposition, we can assume that j ^ {i + 2, i + n — 2}. In particular {i, j} ^ {0, 2}. Therefore 
A\ commutes with at least one of the two mapping classes A{ and Aj, so A\(a) G &{Go)- 

2. Let us assume that A\{a) is special. If A\(a) did not belong to ct s {Aq) or to a s (A2), then 
according to Proposition 17. 13l (ii) . A^ 1 ( A\(a) ) would still be a special curve. But Ai\Ai(a)) = 
a, which is a normal curve. Therefore A\{a) belongs to g s {Aq) or a s {A2). The situation being 
symmetric, we can assume tha:t 

Ax(a) G a s (Ao). (1) 

Having assumed that A\(a) was special, we have I(Ai(a), S.Ai(a)) ^ 0, so 

I(a, AiHS^a))) ^0. (2) 

Now, according to (1), A\(a) € u(Aq), so 8.A\ (a) G a(Ai) and A^tf.A^a)) G a{A x ). Then (2) 
implies: 

I(a, a(Go)) ^0, 
which is absurd since a is a normal curve. 

3. Let us conclude: we have just shown that Ai(a n (Go)) = Pn(Go)- But cr n (Go) = p(Go) n 
&s(Go) an< i the two sets cr(Go) and o~ s (Go) are J7-stable (for cf s (Gq), this comes from Proposition 
I7.13p . so o~ n (Go) is ^/-stable. Hence for all integers i G {1, . . . , n — 1}, we have 
(p(S l )Aip(5 l )~ 1 )(a n (Go)) = o~n(Go), in other words, Ai(a n (Go)) = (r n (Go)- Since Go spans p(B n ), 
is follows that o~ n (Go) is stable by p(B n ). □ 

Proposition 7.15 (Spectrum of the normal curves). 
The spectrum of a normal curve is always equal to Go- 

Proof. Let a be a normal curve. There exists an integer k such that the curve a' = p(5 k )(a) 
belongs to a(Ao). Then the curve (AqAiAoA^ 3 )^) belongs to c(-Ai) for 

{A Q A 1 AoAz 3 )MAoA 1 A Az 3 )- 1 = A x . 
But since the action of B n is cyclic on the normal curves according to Proposition 17.141 the 
action of (^4o^i^o^3 3 ) is trivial and (^4o^4i^4o^3 3 )( a ') = a \ so the curve a' belongs to cr^i). 
For all i G {0, 1, . . . , n — 1}, the same argument can be repeated, so a' belongs to cr(Ai) for all 
i G {0, 1, . . . , n — 1}. By conjugating this by p(5~ k ), it follows that the curve a = p(5~ k )(a') 
belongs to o~{Ai) for all i G {0, n — 1}. The proposition is proved. □ 
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Proposition 7.16 (Existence of the special curves). The set o~ s (Go) is not empty. 

Proof. Let us recall that the homomorphism p is assumed to be noncyclic. We argue by 
contradiction: we assume that all the curves of o~(Go) are normal. 

First, since p is not cyclic and according to Theorem 15. 1| o~(Go) is not empty. Then the set 
o~(Go) of curves (being all normal by assumption) is a simplex, according to Proposition 17.121 
Moreover, this simplex is /3 n -stable according to Proposition 17.141 The Proposition 17.41 can be 
applied to the simplex a (Go), so the action of B n on Bndy(S cr (g )) is cyclic and the one of J- n 
on Bndy(S CT (g )) is trivial. Hence the homomorphism p induces a homomorphism p from T n to 
VM.od(Yl a rg \). Recall that we have the following canonical isomorphism: 

VMod(Z a{Go) ) = 11 VMod(S), 

5eComp(S CT(go) ) 

where Comp(£ CT (g )) denotes the set of all connected components of Ti a ig Q y Let S be one of these 
components and let ps be the homomorphism induced by p on VMod(S). The homomorphism 
ps is irreducible, that is, for all i € {3, . . . , n — 1}, the element TiT^[ X is sent on a irreducible 
mapping class. Indeed, according to Proposition ??.(v), o(p(TiT^ 1 )) C a(p(Ti)) U a(p(r^ 1 )), but 
these two sets a(p(ri)) and c(/o(t 1 ~ 1 )) do not contain any curve in S, so cr(ps( T i T i )) = 0- We 
will say that ps is periodic or pseudo-Anosov whether ps^r^ 1 ) is periodic or pseudo-Anosov. 
Let us denote by A = ps^T^ 1 ), B = p5(r 4 rf 1 ), C = ps^r^ 1 ), and Z = ABACBA. 

Case where ps is pseudo-Anoso'v0: According to Proposition ??.(iv), the centralizer of 
a pseudo-Anosov mapping class is virtually infinite cyclic. Then, since C is in the centralizer of 
A, there exist two nonzero integers p and q such that A p = C q . By conjugating this equality by 

2 2 

Z, we get C p = A g . Hence A p = C qp = A q . We deduce that p = q or p = —q. We are going to 
show that both of these two equalities are absurd. For this purpose, we set 713 = T1T2T1T3T2T1 
and 735 = T3T4T3T5T4T3. Notice that: 

713 n 713 _1 = t 3 and 735 t\ 735 _1 = 17, 
713 t 3 7i3 _1 = 17 and 735 r 3 735- 1 = r 5 , 
713 t 5 713 ~ 1 = r 5 and 735 r 5 735 _1 = r 3 . 

Hence, if we set v = 7i3735 _1 , then the element v belongs to T n and satisfies: 

VT\V~ 1 =T3, VT3V~ 1 =T$, VT$V~ 1 =Ti, 

V (j3Tf *) V ~ l = T5T3" 1 , V (T 5 T^) V~ l = TiT 5 _1 , V (ti^ 1 ) V' 1 = T 3 rf \ 

Then if we set U = ps(v), then: 

we have: UAU' 1 = CA~ X , U{CA- X )U- 1 = C' 1 , XJC^IJ- 1 = A, 

so if C p = A p : UA p U- 1 = Id , {/(Id )U^ = A~ p , UA^U' 1 = A p , 
and if C p = A~ p : U ' A P XJ- X = A~ 2p , U(A~ 2p )U~ l = A p , UA p U~ l = A p . 
So if C p = A p , then A p is equal to Id , which is absurd for A is pseudo-Anosov; whereas if 
C p = A~P, then we have UA p U~ l = A p and U A P U~ X = A~ 2p whence A p = A~ 2p and so 
A 3p = Id , which is also absurd. Hence ps is not pseudo-Anosov. 

Case where p$ is periodic. Notice that the mapping classes A, B, C are conjugate. 
There are then periodic of same order. Let us call m this order. We restrict the domain of 
the homomorphism ps to J 7 *, which is isomorphic to B n -2- According to Proposition 13. 8| we 

1 We cannot apply the results of Section [5] for can be isomorphic to B4 and this case is not treated in Section 
[5] On the other hand, the techniques involved here would have appeared quite complicated in Section [5] when the 
boundary of E is nonempty, and simply do not work when the boundary is empty. 
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can lift this new homomorphism from T* to VMod(S) into a homomorphism p$ from J 7 * to 

r^j r^j r^/ _. _. i-sj 

7Wod(5', 3S*). Let us denote by A, B, C, the images by ps of T3T{~ , t^t^ , t§t^ . Then A m 
and C m are multitwists along some curves of Bndy(S). Since these multitwists are in the center 
of Mod(S, dS) and since ZA m Z~ l = C m (where Z = (ABC) 2 ), we have A m = C m . Therefore, 
AC' 1 satisfies (AC~ l ) m = 1 in Mo&(S, dS). But Mod(S, dS) is torsion-free, so AC' 1 is trivial 
and A = C. This implies that in 'RMod(.S'), we have psir^r^ 1 ) = ps^r^ 1 ). 

This last equality holds for any connected components S of Ti a rg )- Hence, by considering 
the homomorphism p : T n — > VA4od(T, a ^g ^) , we have shown that p^Tf 1 ) = pfar^ 1 ). Then 
P( r 5 r 3 _1 ) comc ides with the identity of VMod(Ti a ^g ^). Let us recall that B n stabilizes T, a rg Q y 
Then by conjugation in B n , we deduce that the homomorphism p : T n — > 7-\Mod(£ CT (g )) is 
trivial. Hence the image of the restriction of the homomorphism p to J 7 * to "PA^od(S) is included 
in the abelian group spanned by the Dehn twists along the curves of o~(Qq). Hence, according 
to Lemma |3.2[ the restriction of p to J 7 * is a cyclic homomorphism. Therefore p(t^t^ 1 ) is the 
identity, so p{r-&) = p{t§). Hence, according to Lemma [3.1 1 p is a cyclic homomorphism . This is 
contradicts our hypotheses, so the proposition is proved. □ 

Proposition 7.17 (Cardinality of a s {Go))- 

The set o~ s {Go) contains n or 2n curves, depending on whether \a s (Ai)\ = 1 or |cr s (^4i)| = 2. 

Proof. First, according to Proposition 17. 13] we have 5.a s (Ai) = a s (Ai + \) 1 so the cardinality of 
o~s{Go) is equal to n times the one of a s (Ai). But a s (Ai) contains one or two curves for on one 
hand, it cannot be empty since a s (Qo) is not empty, and on the other hand, it cannot contain 
three curves or more as we are going to show it. This prove the proposition. 

Let us then show that |cr<j(^4i)| < 3. Notice that the elements A\, A%, A$, . . . , A n _\ pairwise 
commute, so the set of curves cr,, (^4i ) U a\j (^3) U- ■ -L)a s (A n -i) is a simplex. If a s (A\) contained at 
least three curves, the set of curves a s (A\ )L)a s (A^)L)- ■ •Ucr s (^4 n _i) would be a simplex A of at least 
^ curves that would be stable by the action of (<5 2 ) on Curv(S). However, the orbits included 
in A under the action of (5 2 ) contain at least ^ curves, which is greater than or equal to 3, so we 
can apply Proposition 14.91 after having squeezed the boundary components of X, the simplex A 
still contains at least 4p distinct curves. But Tp ^ 3g whereas the cardinality of all simplex in a 
surface without boundary of genus g is bounded by 3g — 3. This is the expected contradiction. 

□ 



8 The special curves are not separating 

Hypotheses. 

Let n ^ 6 an even number, let £ = £ 9i b with 5 ^ f , and let p : B n — > 7 7 A4od(S) such that: 

• p is non-cyclic by assumption, 

• o~p{Go) = by assumption, inspired by Proposition 14.71 

• o~ s (Qo) 7^ as a consequence of the non-cyclicity of p, after Proposition 17.161 
In this section, we are going to show the following proposition: 

Proposition 8.1. The curves of a s (Go) are not separating. 
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• In Subsection 18. 1( we present a subset X of Qq, stable under the action of Ti via p, where % is 
a subgroup of B n . The set X is smaller than Qq, but the action of H on X is r times transitive, 
where r is the cardinality of X. Moreover, X will consists in elements of Qq which pairwise 
commute, so the union of their canonical reduction systems will be a simplex. These aspects will 
be very useful. 

• Subsection 18. 2l is devoted to the proof of Proposition 18.11 The proof will be topological and the 
bound of t| on the genus of £ is essential here. If we wanted to replace the bound ^ by ^ + 1, 
our method would fail. However, we conjecture that the bound ^ is not the best one. 

8.1 The subgroup H of B n and its action on the subset X of Qq 
The subset Odd(n) of {0, 1, . . . , n — 1} and the subset X of Qq. 

For all positive integers m, let Odd(m) be the set of the first odd integers smaller than or equal 
to m. Let X = {Ai, i € Odd(n)} be the subset of Qq. We set a{X) = Uj g odd(n)°"(^4j)- The 
elements of X commute pairwise, so the curves in o~(X) cannot intersect each other. Thus cr(X) 
is a curve simplex. 

The subgroup H of B n 

For all integers i belonging to Odd(n), we set 

7i = TiTi+lTiTi+2Ti+lTi, 

where for all integers k, we denote by the standard generator T£ where I is the remainder of 
the euclidian division of k by n. The group H is the subgroup of B n defined by 

H:=(7i, i€ Odd(n)}. 

Proposition 8.2 (Properties of the group H). 

(i) The action of % by conjugation via p on "P.A4od(X) preserves X. 

(ii) The homomorphism T~L &{X) of the action of % on X, where &(X) is the symmetric 
group on the elements of X , is surjective. Consequently, this action is ^ times transitive. 

(Hi) The action of % on Curv(S) preserves a s {X). 

Proof. Let us first remark that for all i € Odd(n), the element 7j acts by conjugation on the 
subset {tj, j € Odd(n)} of B n in the following way: 

( rj if i + 2} 

liTjli 1 = \ T j-2 if j = i + 2 
{ r j+2 if j = i . 

We deduce the following: 

(i) The group "H acts by conjugation on B n and preserves the set {tj, j G Odd(ra)}, so the 
group % acts via p on "PTWod(S) and preserves X . 

(ii) For all i 6 Odd(n), the homomorphism (j) : % — > &(X), where &{X) is the symmetric 
group on the elements of X, sends ^ on the transposition that swaps Ai and Ai + 2- Then 
4>{T-L) is a subgroup of 6(X) containing § — 1 transpositions with disjoint supports, so <fi 
is surjective. 
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(iii) The action of 7~L on Curv(S) preserves o~(X), since the action of T~L on 'P.Mod(X) preserves 
X. Now, according to Proposition 17.141 the action of B n on Curv(S) preserves (7 n (Qo), so 
the action of T~L on Curv(E) preserves cr n (Qo). So the action of 7i on Curv(S) also preserves 
the complement of cr n (Go) m which is a s {X). □ 



8.2 Proof of Proposition 18.11 

We will need the definition of natural boundary and special boundary of a subsurface. 
Natural boundary and special boundary. 

Let n be an even integer greater than or equal to 6, let £ be a surface and p a homomorphism 
from B n to VA4od(Y,). Let A be a curve simplex included in Curv(S). For any subsurface S of 
5ub v 4(S), a boundary component d of S will be said to be natural if it belongs to Bndy(S), and 
will be said to be special if it belongs to o~ s {Go). The union of the natural boundary components 
will be called the natural boundary and the union of the special boundary components will be 
called the special boundary. 

To prove Proposition 18. 1[ we proceed in five steps. 

Step 1. // there exists in ct s {Qq) a separating curve, then for all i € {0, 1, . . . , n — 1} 7 the set of 
curves a s (Ai) contains exactly a separating curve that bounds a torus with one hole (cf. Figure 
\W\j. Thus, £ is a surface of genus g = ^. 

Proof of step 1. If there exists a separating curve in o~ s (Go), then there exists at least one 
separating curve in cr s (^4i). Let us call it a\. Let A be the set of curves T-L.a\. Since we have 
ai £ and since X is ^-stable, the set A is included in o~(X), hence is a simplex. Let us 

consider the graph ^4). Since the curves of A are separating, if we remove from A) one 
of its edges, we get a disconnected graph. Hence the graph r(S, A) contains no cycle: this graph 
is a finite tree. So it contains leaves (vertices of degree 1). Let T be a subsurface of 5ub^i(S) 
corresponding to a leaf in r(S, A). Since exactly one curve of A bounds T, T is not stable by 
the action of H, so T contains no natural boundary component. Hence T has only one boundary 
component, so T is of nonzero genus. Each subsurface in the orbit H.T can be identified by the 
curve a £ A that bounds it. Since the number of curves in A is at least equal to the cardinality 
of X, there exists at least Q disjoint subsurfaces homeomorphic to T in 5ub^(S). But £ is of 
genus g ^ ^, so: 

• there exist exactly S such subsurfaces, 

• these subsurfaces are tori with one hole, 

• and S is of genus g = ^. 

So, there exist exactly ^ curves in A, hence one separating curve in each set a s (Ai), i € Odd(n). 
Moreover, the complement of these ^ tori is a genus-0 surface having ^ special boundary com- 
ponents and b natural boundary components (cf . Figure [T8j) . □ 

From now on, we are in the situation described by step 1 and we adopt the following notation. 
Situation described by step 1 

For all i G {0, 1, . . . , n — 1}, let us denote by ai the unique separating curve of a s {Ai) and 
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Figure 18: The surface £ and the separating curves dj, i £ Odd(n) of a{X). 

by Tj the torus with one hole, included in X and bounded by cij. Let us denote by S the 
genus-0 surface obtained from £ minus the tori T where i ranges over Odd(n) (cf. Figure [T8j) . 
Let us choose some representatives aj, i £ {0, 1, . . . , n — 1} in tight position, of the curves a^, 
i £ {0, 1, . . . , n — 1} (such a system of representatives is unique up to isotopy, according to 
Proposition ??). From these representatives of curves, we deduce the representatives S and T 
for all i £ {0, 1, . . . , n — 1}, of the subsurfaces S and T for all i £ {0, 1, . . . , n — 1}. 

Step 2. There exists an orientation preserving diffeomorphism FofT, that preserves the bound- 
ary components of £ such that 

• for all i £ {1, 2, 3}, we have F{ai) = a^-i, 

• and for all i £ {5, 6, . . . , n — 1}, we have F{ai) = a~i. 

Proof of step 2. Let G be a diffeomorphism representing the mapping class p(7i) where 71 is 
defined by: 

71 := T\TlT\T-sT%T\. 

Let us denote by A the set of representatives of curves {02} U {clj, i £ Odd(n)} and A' the set 
{G(a 2 )} U {G(a~i), i £ Odd(n)}. According to Proposition |8T2| 

• for any i £ {1, 2, 3}, we have p(^i)Aip(^i)~ l = A 4 _i, 

• and for any i £ {5, 6, . . . , n — 1}, we have p{^j\)Aip(^\)~ x = A{. 

Besides, for any i £ {0, 1, . . . , n — 1}, the curve Oj is the unique separating curve belonging to 
a s (Ai), so: 

• for any i £ {1, 2, 3}, the curve G(aj) is isotopic to ct4_j, 

• and for any i £ {5, 6, . . . , n — 1}, the curve G(aj) is isotopic to Oj. 

Then, the sets of curves A and A' are both weakly isotopic. Let us recall that A is a set of 
representatives of curves in tight position. Hence the representatives of curves of A do not 
bound any bigon. But A' is the image of A by G. So the representatives of curves of A' do 
not bound any bigon either. Hence A' is a set of representatives of curves in tight position. 
Moreover A is without triple intersection, hence so is A 1 . Then, according to Proposition ??, 
A and A' are in the same isotopy class. In other words, there exists a diffeomorphism isotopic 
to the identity H such that H(A) = A'. Then the diffeomorphism F defined by F := H~ 1 G 
satisfies the assertions of the statement. □ 
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Arcs. 

For all i, j, k in {1, 2, 3}, let us denote by Arc^(i) the set of closures of the connected components 
of a% \ (a,j Ucifc). We will say that an element of Arc^(i) is an arc included in a~i with extremities 
in a,j and a^. 

Step 3. The arcs of Arc]; (2) and Arcj]^) are included respectively in T\ and T%. In other words, 
the only arcs included in a2 H S belong to Arcf (2). 

Proof of step 3. Let us argue by contradiction. Let us consider an arc i belonging to 
Arc] (2) and included in S. Since S is of genus zero, £ separates S in two connected components. 
One of them contains the boundary 03. Since the curves a\ and ai do not cobound any bigon, 
the other component is not a disk, so it contains a special boundary component or a natural 
boundary component. In both cases, let us call d this boundary component. Finally, we have 
a path £ which separates S in two components, one containing 03, the other containing d. 
Similarly F{£) belongs to Arc3(2) (for £ belongs to Arc] (2)), is included in S and separates 
S in two components, one containing F(as) that is equal to ax, the other containing F(d) 
that is equal to d. We deduce from it Figure [19] where it is clear that £ and F{£) intersect, 
which is absurd: F(£) and £ cannot intersect, for they are both included in the same curve. 

□ 

d 




Figure 19: The existence of an arc £ in Arc] (2) induces the existence of an arc F(£) in Arc! (2) 
intersecting £. 

Arc paths, rectangles, hexagons, octogons. 

We call arc path a union of arcs such that this union is homeomorphic to a segment or to a circle. 
In the first case, the arc path will be said to be open, in the second it will be said to be closed. 

If a connected component D of T2 fl T\, of T2 D S, or of T2 H T3 is homeomorphic to a disk 
whose boundary is a closed arc path, each of the arcs of this arc path will be called edge of D. 
Such a connected component with four edges will be called a rectangle, with six edges a hexagon, 
and with eight edges an octogon. 

Step 4. The connected components ofT^HS are rectangles. The connected components ofT^HTx 
(respectively T2 HT^) consist in exactly one hexagon and some rectangles. 

Proof of step 4. 

1. connected components of Ti D S. 

We can see S as an annul us whose boundary components are ax and S3, minus S — 2 + b 
open disks, corresponding to the curves Oj, i € Odd(n) \ {1, 3} and to the boundary components 
of S (cf. Figure [20]) . The torus T2 contains none of these curves and none of these boundary 
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components so the connected components of T% fl S are simply connected and of genus zero, 
hence are homeomorphic to disks. All the boundary components of a component C of T2 n S 
are some arc paths leaning on the curves a\, a~2 and 03. But we have seen that the arcs included 
in a,2 H S belong to Arcf (2). It is easy to see that in such an annulus, the only injective arc 
paths that contain some arcs of Arcf (2) and that bound disks are rectangles: two edges belong 
to Arc? (2), one edge to Arc|(l) and one edge to Arc|(3). 




Figure 20: The surface S is seen as an annulus, the dark grey parties are the connected compo- 
nents of T2 n S. 

2. Connected components 0/T2 fl (T\ U T3). 

We can see Ti as the gluing along arcs included in a\ and 03 of the connected components of 
T^nTi, I^flS and T^nT^. In this proof, we call domains these connected components. A domain 
of T2 fl T\ is bounded by some arcs belonging to Arc|(l) and to Arc} (2). Notice that in T\ (as 
in any such torus with one hole), there exist at most three pairwise disjoint, non-isotopic arcs, 
whose extremities belong to dT\. So the set of arcs in Arc} (2) contains at most three isotopy 
classes (cf. Figure |2"T]). 




Figure 21: An example of three disjoint, non-isotopic arcs belonging to Arc 1 (2), in T\. 

But the arcs of Arc} (2) and of Arc^l) constitute the boundary components of the domains 
of T\ n T-2- We deduce that there exist only four possible types of domains in T\\ rectangles, 
hexagons, octogons and cylinders with bigonal boundary components, that is to say spheres with 
two boundary components, such that each is a path of two arcs (cf. Figure [22]) . 

The connected components of T3 n T% satisfy the same properties, since they are the images 
by the diffeomorphism F of step 2 of the connected components of T\ fl T2. 

3. Euler characteristic computation. 
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Figure 22: The four types of domains: from left to right: the rectangle, the hexagon, the octogon, 
the cylinder with bigonal boundary components. 

We are going to determine the contribution of each domain to the Euler characteristic of T2 
(equal to —1 since T2 is a torus with one hole). Let us recall that T2 is the gluing of the domains 
along the arcs of Arc^l) U Arc2(3) included in T%. Hence if a domain D has exactly k edges 
belonging to Arc^l) U Arc|(3), then its contribution to x(^) amounts to x(D) — ■§■ Indeed, 
when we add up the Euler characteristics of all the domains, each of the gluing arcs has been 
counted twice. To compute the contribution of a domain to the Euler characteristic of T2, we 
hence need to add to its own Euler characteristic — ^ as a corrective term for each gluing arc 
included in the boundary of D. Thus, 

• the rectangles have a O-contribution; 

• the hexagons have a (— ^-contribution; 

• the cylinders with bigonal boundary components have a ( — l)-contribution; 

• the octogons have a ( — l)-contribution. 

But according to step 2, the domains of Ti IIT3 are diffeomorphic to the ones of T2 nT\. Besides, 
the contribution of the domains of T2 H S is zero, since all the domains of T2 Pi S are rectangles (as 
we have seen it in step 1.). Hence the global contribution of the domains of T^nTi and the global 
contribution of the domains of T2 fl T3 must both equal — ^. Therefore T2 fl T\ contains exactly 
one hexagon and some rectangles. Same thing for T2 fl 73. (An example of the torus T2 built up 
from two hexagons and some rectangles, according to the conclusion of step 4, is given Figure [23]) 

□ 

Step 5. We end in a contradiction. 

Proof of step 5 and end of the proof of Proposition 18.11 

The torus T3 contains the connected components of T2 n T3 and of T4 fl T3, which are pairwise 
disjoint since T2 H Z4 = 0. There are two hexagons among them, one included in Ti n T3, the 
other included in T4 H T3. Each of them contains three edges included in S3 (cf. Figure [24]) . 

Let us recall that it is possible to include in a torus with one hole only three pairwise disjoint 
and non-isotopic arcs with extremities in the boundary. Therefore our two hexagons are arranged 
as in Figure [241 In particular, let us remember that: 

the six edges included in the boundary of the torus T3 belong . . 

alternatively to one and to the other of the two tori T2 and T4. 

Let us describe how the tori T<i and T4 are embedded in S. The following description is 
depicted in Figure 1251 

1. Since T% n T3 contains a hexagon, T2 fl S3 contains at least three connected components. 
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s — -r~^ - -v— ^ _->-_ J 

T 2 r\T x r 2 ns t 2 ht 3 



Figure 23: The torus T2, built up from two hexagons and some rectangles. 




Figure 24: Two disjoint hexagons, one included in T2 D T3, the other included in T4 n T3. 

2. These at least three connected components extend in T2 D <S in at least three rectangles. 
Indeed, let us recall that the rectangles of T2 D <S have only one edge in CI3, so two distinct 
connected components of T2 H 03 are the edges of two distinct rectangles of T2 fl 5. Now, there 
are at least three such rectangles in T2 fl S. Each of them has an edge in a\ and an edge in 03. 
Since S is of genus zero, we deduce that S \ T2 contains at least three connected components. 
We will name by region each of these connected components. 

3. For instance, consider the regions R\, R2, R3, in Figure [25l Since the two tori T2 and T4 
are disjoint, the rectangles of T4 Pi S are inside some of these regions. However, all the rectangles 
of T4 fl S have an edge included in a§ , so they should all be located in the region containing the 
curve 05. 

4. But this is impossible, for according to statement (1), there exist rectangles of T4 fl S in 
at least three distinct regions (cf. Figure l25j) , □ 



9 Description of o{X) in E 

Hypotheses. 

Let n ^ 6 an even number, let E = S 9j ;, with 5 ^ f , and let p : B n — )■ 'PAlod(S) such that: 
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Figure 25: In this configuration where the hexagons T2 D T3 and T4 n T3 are "nested" in T3, the 
tori T2 and T4 intersect, which should not happen yet. 

• p is non-cyclic by assumption, 

• o~p(Qo) = by assumption, inspired by Proposition 14, 7[ 

• \a s (Ai)\ e {1, 2} according to 17171 

• curves of o~ s (Qq) are not separating according to Proposition 18.11 

Recall that X = {A\, A3, A5, . . . , A n _i}. In this section, we will determine the arrangement 
of the curves of cr(X) in £ while identifying the special curves and the normal curves. In other 
words, we will be able to describe the graphs T(S ; o~ s (X)) (cf. Definition ??) and T(S ; a{X)). 
Our main tool will be the action of the subgroup H of B n on the subset X of Qq. 

• In Subsection 19. 1[ we state a result concerning the action of H on X. We define notably the 
7i- colorations. They are %-equivariant functions which will help us to express the constraints 
coming from the structure of B n on the characteristic elements of the mapping classes of Qq. 

• In Subsection 19.21 we determine the graph o~ s (X)) (cf. Proposition 19. 3[> . 

• In Subsection 19. 31 we describe of the set o~(X) = a s (X) Uo~ n (X) with Propositions 19.41 and 19.61 

9.1 Action of H on X and ^-colorations 

Let us recall the definitions of the group % and of the subset X of Qq (cf . Subsection 18. ip . For 
any nonzero integer m, let Odd(m) be the set of the first odd integers smaller than or equal to m. 
Let X be the subset {Ai, i € Odd(n)} of Qq consisting in ^ elements which pairwise commute. 
We denote by u{X) the curve simplex Uj G odd(n) c7 ( j 4«)- We set o~ s {X) = o~(X) H o~ s (Qo). The 
group H is the subgroup (7^, i E Odd(n) } of B n where for all i € Odd(n), the element 7^ is the 

product TiT i+ iTiTi +2 Ti + lTi. 

Let us also recall the main properties of H (see Proposition 18. 2[) : 

i) The action of H on VMod(T,) via p preserves X. Indeed, for all i,j E Odd(n), we have: 

r Aj if i${j,j-2} 

ji.Aj = pi^Ajp^y 1 = I Aj_ 2 if i=j -2 

{ A j+2 if i = j. 
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(ii) The homomorphism TL —> &(X) describing the action of % on X, where &{X) is the 
symmetric group on the elements of X, is surjective. In particular, this action is S times 
transitive. 

(iii) The action of % on Curv(S) preserves a s (X). 



We have already given the definition of ^7-coloration in Subsection 17.21 We define what is a 
H.- coloration in the same way. 

%-colorations on X. 

Let £ be an H-set (i.e. a set together with an action of TL) and V{£ ) the power set of £. An 
H- coloration is a function col^> : X — > V(£) that is TL-equivariant, which means that for all 
£ € TL and all A S X, we have: 

f .coLy(A) = coLy(£.A). 

The integers of Odd(n), in bijection with X, are called colors. We will say that an element e £ £ 
is of color i if e & colx (Ai). An element e £ £ can be of several colors in the meantime or 
possibly of none color. 

Conversely, starting from a %-coloration colx : X — > ~P(£), let us define the map called 
TL- spectrum: 

£ — ► V(X) 
SPx : e .— ► {i E ^ | e G col^(A)} ' 
The map sp^ is %-equivariant: for all £ G % and all e £ £, we have: 

£.8p x (e) = sp x (£.e). 



Proposition 9.1. The map o~ s : X — > Curv(E) is an H-coloration. 

Proof. According to Proposition ??.(i), we have a(j. A) = j.a(A) for any 7 € B n and any 
A € "PTWod(S), so the function £ is an ^-coloration on a{X). Moreover, a s {X) is %-stable, 
according to Proposition 18 . 2 [) . Then for all i,j € Odd(n), we have: 

(Tgdi.Aj) = o-(ji.Aj) n a s (X) 
= ji.a(Aj) n a s (X) 
= ^i.a(Aj) n ji.a s (X) 
= ii.(a{Aj) n a s {X)) 
= ji.a s (Aj). 

So the restriction of the function a on X is an ^-coloration. □ 



Lemma 9.2. Let £ be an TL- set. Let co\x '■ X — > 
the associated TL- spectrum. Let e be an element 
mapping classes (0 ^ k ^ 5). Then there exists 
r = 2. 



V{£) be an TL- coloration and s^x '■ £^V{X) 
of £ such that the TL-spectrum of e contains k 
an integer i ^ 1 suc/i i/iai ['H.e] = -^Cy where 



Proof. This is an easy application of general principles about group actions. In a general 
way, if J 7 is a finite set on which % acts, if we choose an element /q € J- and if we denote by 
S = Stab%(/o) the subgroup of TL that fixes /o, and by Z a transversal of /§, then, 

• we have the disjoint union TL = | | 7. 5" 

7G2 
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• if the action of T~L on T is transitive, we have \Z\ = | fg\ = \J-\. 

Given an element e of £ such that sp^(e) is a set of k mapping classes of X with ^ k ^ r 
where r = ^, let us consider the set Vk{X) of the subsets of X containing k elements. We replace 
J- by Vk{X) the and Jq by sp^(e). Notice that the action of T~L on Vk(X) is transitive for the 
action of % on X is k times transitive. We get then: 

H= Lh-Stab^sp^e)), (1) 

and \Z\ = \ n / S tab n ( S pAe))\ = = Q ■ ( 2 ) 

Now for all distinct 7' and 7" belonging to 2, the elements Y-sp^ (e) and 7".sp^(e) are different, 
so the elements of 7'.( Stab-^(sp^(e)).e ) , that all have the same spectrum, which is different from 
the spectrum of the elements of Stab-^(sp^(e)).e ) . Hence the two sets 7'. ( Stab%(sp_^(e)).e) 
and 7".( Stab-^(sp^(e)).e) are disjoint. Therefore, the assertion (1) implies: 

n.e= U 7-(Stab w (sp^(e)).e), (3) 
We set £ = | ( Stab%(sp^(e)) ) .e|. Then, we deduce from (2) and (3) the following equality: 

in = <(;). w 

□ 



9.2 Description of the embedding of cr a (X) in E 

This subsection is devoted to the proof of the following proposition. 

Proposition 9.3 (Arrangement of the curves of a s (X) in £). 

(i) The set o~ s (Go) contains n curves (hence for all A € Go, we have \a s {A)\ = 1). 

(ii) The set cr s (X) is non- separating in S, or it is separating but for any a € a s (X), the set 
of curves cr s (X) \ {a} is non- separating. In other words, the graph a s (X)) is one of 
those depicted in Figure [26[ 




Figure 26: The two possible embeddings of a s (X) in £ (here n = 10). 

Proof. According to Proposition 17.171 o~ s (Go) contains n or 2n curves, depending on whether 
a s (Ai) contains one or two curves. Since X contains only the mapping classes with odd indices, 
cr s (X) contains ^ or n curves. While showing item (ii) we will show that a s {X) contains ^ 
curves, which will prove item (i). 
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Let us show that if we prove this proposition in the case where <9£ is empty, then the 
proposition in the case where dT, is not empty can be deduced easily. So, we assume that <9£ is 
not empty. Let us consider the graph a s {X)) and the subgroup H preserving the simplex 

a s {X). Since the cardinality of each orbit of curves of <r s (X) under TL is greater than or equal 
to ^ ^ 3, we can apply Proposition 14.91 In other words, T(E, a s {X)) is canonically isomorphic 
to r(sq(S), s(\{a s {X))^ that is the graph associated to the homomorphism sq* op : B n — > 
.Mod(sq(E)) , in the same way as the graph r(S, a s (X)) is associated to the homomorphism 
p : B n — > VMo&{Yi). Thanks to this isomorphism, in order to prove Proposition 19. 3| it is 
enough to show the parts (i) and (ii) when <9£ is empty. 

From now on, we assume that is empty. We are going to use the action of H on the 
graph r(S, a s (X)). In order to make the action of H on the graph T(E, a s (X)) more obvious, 
we "color in" the different edges and the different vertices as follows: 

The graph T = T(S, a s (X)). 

We denote by T the graph T(S, a s {X)). Its vertices are in bijection with (Sub^^^S) and its 
edges are in bijection with a s {X). The action of T~L on <Sub CTs (^)(£) induces an action of H on 
the set of vertices of T and the action of T~L on o~ s (X) induces an action of H on the set of edges 
of r. Moreover, these two actions are compatible with the graph structure of T. In addition, we 
also have two ^-colorations: 

• the "%-coloration a s : X — > a s {X ), that can be seen as an ^-coloration on the edges of T. 
In this way, the 'H-spectrum of each edge of T contains a unique color i £ Odd(ra); 

• the %-coloration ujx '■ °s{X)\ ^ th&t can 

A i — > {S G <Sub CTs(Af) (S) | Bndy(5) fl a s (A) ? 0} 

be seen as an %-coloration on the vertices of T. Thus the ^-spectrum of each vertex 
contains exactly the colors of the edges incident to this vertex. 

Since a s and are %-colorations, the action of T~L on the vertices and on the edges of T is 
compatible with the action of T~L on their colors. Finally, the group % acts on the graph V 
together with its colors. 

The cycles and the degrees in F. 

Let us denote by c the number of independent cycles which exist in T. Then, we have of course: 
Fact 1: c ^ g. 

The vertices of degree 1 correspond to the subsurfaces bounded by some separating curves. 
However, according to Proposition 18. 1| there does not exist in a s (X) any separating curve in S, 
so: 

Fact 2: The degree of each vertex is at least 2. 

Hence the graph V contains some cycles: 
Fact 3: c ^ 1. 

Notice that the vertices of degree 2 correspond to the connected components having only two 
boundary components. Remember that is empty, so such connected components must be of 
nonzero genus. We deduce: 

Fact 4: The number of vertices of degree 2 is bounded by g — c. 
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Moreover, if there exists a vertex p of degree 2, such that i and j in Odd(n) are the colors 
of the two edges having an extremity in p, the orbit of p under the action of % is of cardinality 

at least ^ if % = j, and of cardinality at least ^ § ^ ^ 7^ according to Lemma 19.21 But 

according to Facts 3 and 4, this number should be bounded by g — 1. However, g — 1 < ^, so 
finally: 

Fact 5: There does not exist any vertex of degree 2. 

We are going to treat separately the graphs containing some edges whose both extremities 
are equal, from the graphs where both extremities of each edges are distinct. 

Petals. Let us call petal an edge whose both extremities are equal. 

Graphs with petals. If there exist some petal in T, then there exist some in each color, so 
there exist at least ^ petals. But each petal produces an independent cycle of T, and the number 
of independent cycles is bounded by g, and so by ^. So we have c = g = ^. Therefore, if there 
exist some petals in V, then there exist exactly ^ petals and g = ^. Moreover, since the maximal 
number of independent cycles is achieved just because of the petals, it follows that if we remove 
these 77 petals from T, we get a tree. Since each edge is separating in a tree (we say that an edge 
is separating in a connected graph if removing this edge from the graph makes it disconnected), 
then all the edges in T that are not a petal are separating. But according to Proposition 18. 1| 
o~ s {X) does not contain any separating curves, so V contains no other edge but the S petals. 
Therefore, the graph T is a rose, that is, a graph with only one vertex (cf. graph on the left-hand 
side on Figure |26|) . 

Graphs without petals. Let us assume now that T is a graph without petals. 

According to Proposition 17.171 for each A € Go, the cardinality |<7 S (^4)| equals 1 or 2. In 
other words, for each i 6 {0, 1, . . . , n — 1}, there are only one or two curves in o~ s (Go) that are 
in a s {Ai). In the graph T, this implies that: 

Fact 6: There exist at most two edges of a same color. 

If there is only one edge per color: 

According to Facts 2 and 5, all the vertices are at least of degree 3. Since there is no petal, 
at least three distinct edges are incident to each vertex. 

• When n = 6, since there is only one edge per color, V contains only three edges. Hence in 
the case n = 6, there exists exactly 2 vertices of degree 3 and the graph is drawn in Figure 
[261 left-hand side. 

• Suppose now that n ^ 8. We take j = n — 1 and we set T-L n -2 = {"fi, i £ Odd(n — 2)) so 
that n n _2 is a subgroup of T~i that fixes the color n — 1 and acts ^ — 1 times transitively 
on the set of the § — 1 other colors of Odd(n). Given a vertex q of degree v and an edge of 

color n — 1 incident to q, according to Lemma 19. 2| there should exist at least 

distinct vertices in the orbit of q under the action of H n -2- But there is only one edge of 
color n — 1 in T, so there should be at most two vertices in the orbit of q under TL n -2, 
({- ~ 1)\ 

including q. So I 2 ' ] must be equal to 1 or 2. Since § — 1^3 and v — 1 ^ 2, v must 
\ v — 1 J 2 

be equal to ^. So the graph T is fully determined: there are exactly two vertices and ^ 

edges incident to these two vertices: the graph is drawn in Figure [26j right-hand side. 
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If there are exactly two edges per color: 

We suppose from now on that there exist two curves in each color. 

We want to show that this case is absurd. 
Notice that we have the following: 

Fact 7: Two edges of the same color cannot have the same extremities. 

Proof. Assume that two edges of a same color have the same extremities. Then they would 
form a cycle, and we can associate their color to this cycle. We would obtain 9 independent 
cycles of distinct colors, hence the equalities c = g = ^ would hold and it would not exist other 
independent cycles in T, according to Fact 1. It would not exist either other edges than the n 
edges constituting these ^ cycles, according to Fact 6. Let us identify in T two edges if they 
have the same color and let us call T' this new graph (cf. Figure [27)) . The graph V is a tree, 
so it contains leaves (vertices of degree 1). These leaves correspond in T to vertices of degree 2. 
But this is forbidden, according to Fact 5. Hence Fact 7 is shown. □ 




Figure 27: Case g ^ 4, when two edges of a same color have the same extremities. 
Let us go further: 

Fact 8: Two edges of the same color cannot share an extremity in common. 

Proof. We argue again by contradiction. We suppose that two edges of the same color share an 
extremity in common (if this is true for one color, this must be true for each color). Let us recall 
that there exist only two edges of the same color, according to Fact 6. Let us also recall that 
two such edges cannot have the same extremities, according to Fact 7. So for all i 6 Odd(n), 
there exists only one vertex that is a common extremity the two edges of color i. We will call it 
Pi. By symmetry of the action of T~L on X, the pi are all distinct or all equal. 

a) The vertices pi, i € Odd(n), coincide. We keep in mind Figure [283 Let us call p the 
vertex p\ = p% = ■ ■ ■ = p n -\. The vertex p is at least of degree n. It cannot be of a greater 
degree, for there is no petal in T, by assumption. Thus, each on the n edges in T has an 
extremity in p. The number of the other extremities is n, and they are incident to vertices 
distinct from p. But since these vertices are of degree greater than or equal to 3 according 
to Facts 2 and 5, their number is at most |. So, T contains n edges and at most 1 + § 
vertices, so its number of independent cycles is at least of 1 + n — + 1) = ^p. But this 
is absurd for ^ > § ^ g. 

b) The vertices pi, i € Odd(n), are pairwise distinct. We keep in mind Figure [29] As 
the pi are not of degree 2, according to Fact 5, each pi is the extremity of the two edges of 
color i and of at least an edge of color j ^ i. But the subgroup of Ti that fixes the color i 
acts transitively on the other colors, so pi is also the extremity of an edge of color k for all 
k € Odd(n) \ {i}. Thus pi is of degree at least § + 1 (actually, this must be an equality 
with our assumptions). As we know that there is at least ^ vertices in T (think of the pi, 
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Figure 28: Example of graph where all the p$ coincide. 



% € Odd(n)), we deduce that the degrees of all the vertices in T sum to at least ^(^ + 1). 
Now, this sum should be equal to two times the number of edges. Since there are exactly 
n edges in T, we have the equality: 

§(§ + lK2n. (*) 

We get then n 2 + 2n ^ 8n, hence n ^ 6. By hypothesis, n ^ 6, so n = 6 and (*) is a 
equality and becomes: + 1) = 12. That means that the vertices in V is reduced to the 
set {pi, P3, p§}. The graph now is perfectly determined, and drawn in Figure [29] But this 
graph contains c=l + 6 — 3 = 4 independent cycles, which is absurd for c ^ g ^ ^ = 3. 




Figure 29: Example of a graph where the pi are distinct. 



Thus, Fact 8 is shown. □ 

Now, with these eight facts, we can terminate the proof of Proposition 19.31 Remember that 
we assume that |(T s (< ; f)| = n. We prove separately the cases n = 6 and n ^ 8. We start by the 
case n ^ 8 which is the easiest one. 

Let us show that the conditions [er s (Af)| = n and n ^ 8 lead to a contradiction. 

Let us denote by S the number of vertices. Since T has n edges, the number of independent 
cycles must satisfy c = 1 + n — S ^ ^. Hence: 

s>q + i. 

Let v be the minimum degree among the vertices of T. We have seen, according to Facts 2 and 
5 that v ^ 3. But the sum of the degrees of all the vertices of V is at least equal to v S. On the 
other hand, it must be equal to two times the number of vertices. Hence we have 2n ^ vS, so: 

It is then absurd that v ^ 4 for we would have ^ + 1 ^ S ^ ^. Now, suppose that v = 3. Thanks 
to Fact 8, we know that all the edges incident to a vertex are of pairwise distinct colors, so when 
v = 3, to each vertex corresponds a choice of three colors among ^. According to Lemma 19.21 

2 I Ti-or+i^oc in \A7V»on n ^> 1 wtcs n\r\ an\r -fTio-f I ^ 2 ■ 



we have then at least ( 3 ) ver tices in T . When n ^ 10, we check that y | ) > 11. so this 
leads to the following contradiction: 
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When n = 8, since v = 3, there exists an orbit of vertices of degree 3. The cardinality of this 
orbit is a multiple of 4 vertices, according to Lemma 19.21 But as there exists 8 edges in T and 
consequently 16 half-edges, there must exist in T exactly 4 vertices of degree 3 and one vertex 
of degree 4 (replace the vertex of degree 4 by two vertices of degree 2 is forbidden by Fact 5) to 
satisfy the equality: 16 = 3x4 + 1x4. We thus get a graph similar to those depicted in Figure 
l30l Let us call P\, P3, P5 and Pj the four vertices of degree 3 and Q the vertex of degree 4, as in 
Figure [30] The subgroup of % that fixes the color 1 does not preserve such a graph, for it fixes 
the vertices P\ and Q but modifies the color of the unique edge that joint the vertices P\ and Q: 
this edge can be of color 3, 5 or 7, and gives rise to different graphs (in Figure [30] we give two 
examples with 7 and 5). Hence this case n = 8 is absurd. Finally, the conditions | cr s (^-f ) | = n 
and n ^ 8 lead only to contradictions. 
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Figure 30: Two examples of a priori possible graphs with n = 8 and |cr s («^f) | = 8. (They are 
different, for Q and P± are joined by an edge of color 7 in one case, and 5 in the other. But, 
none of them is %-stable since the action 0/75 swap them.) 



Let us show that the conditions |<r s (Af)| = n and n = 6 lead to a contradiction. 

According to Facts 2, 5 and 8, all the vertices are of degree 3, each being the extremity of three 
edges of colors 1, 3 and 5. We get the graph represented on Figure [3U Let us recall that according 
to Proposition 17.121 (5d) describing the equivalent properties of the special curves, each orbit of 
edges of o~ s (X) under the action of J = (5) is of cardinality n = 6, and each orbit of edges of 
cr s (X) under the action of (5 2 ) is of cardinality S = 3. So we distinguish two orbits among the 6 
curves of a s (X), and the action of 5 2 on the graph T is periodic of order three. Then one of the 
vertices is preserved whereas the three others are cyclicly permuted. Let us call P the preserved 
vertex. Its boundary components form an orbit under the action of 5 2 , we will call them a' l5 a' 3 , 
a' 5 , where the indices respect the color of each curve. Let us call the other curves 01 , 03, 05, 
where the indices respect the color of each curve. For all i G {1, 3, 5}, let us denote by Pj the 
subsurface different from P that contains the curve a\ in its boundary, see Figure [31] 

We are going to show, by means of the special curves of 3^ = Q$ \ X = {Aq, A2, A^}, 
that such a configuration cannot happen. Notice that o~ s (Qo) is a set of curves without triple 
intersection, so according to Proposition ??, there exists a unique system of representatives of 
the curves of o~ s (Qo) in tight position, up to isotopy. Moreover, any representative of the mapping 
class p(5) sends such a system of representatives on itself, up to isotopy. Moreover, we have, 
a s(y) = b~-o~ s (X), and we denote by ao, 0,2, 04, a' Q , a' 2 , a'^ the curves of <r s (3^), so as to be coherent 
with their colors, as we did with the curves of cr s (X). Let us consider the subsurface P\. Then: 
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Figure 31: Case n = 6: the surface £3^ together with the curves of a s (X) when | cr s (-^f ) | = 6. 

• a' 2 = 8.a'i and a' = 8 .a'i, so according to Proposition 17. 1[ /(a^, a 2 ) = I(a'i, a' ) / 0, 
hence a D -Pi and a' 2 Pi Pi are not empty. 

• Similarly if we consider the curves 03 and 05, it follows that I(a 3 , 04) = I (as, a 2 ) 7^ and 
/(as, ao) = I(a5, 0.4) 7^ 0, so ao H Pi, 02 fl Pi and 04 n Pi are not empty. 

• Let x be a curve of cr s (y) whose restriction to Pi is a path with extremities in a same 
boundary component, and y another curve of cr s (y) whose restriction to Pi is a path with 
extremities in the two other boundary components of Pi. Then x and y must intersect, 
as illustrated in Figure [32] (two cases are to be considered, depending on whether the 
extremities of y belong to the same boundary of Pi or not). But a s (y) is a curve simplex, 
so this situation cannot happen. 




Figure 32: Case n = 6: the curve x and the curve y have to intersect. 

• Let us apply the last point to the curves x = a' and y = 04. Suppose that the extremities 
of one of the connected components of a' P\ lie in a^. Notice that 04 cannot intersect 
a[ , so the extremities of any connected component of 04 fl Pi lie in 03 U 05 . This leads to 
a contradiction as we just have seen it above. Therefore a' fl Pi cannot contain any path 
with extremities in a\. Hence a' fl Pi consists in paths joining the boundary components 
a[ and 05. Similarly, a' 2 fl Pi consists in paths joining the boundary components and 
a 3 . 

• Let us now apply the last-but-one point to the curves x = a<i and y = a$. We conclude just 
as before that a<i fl Pi cannot contain any path with extremities in 03. Similarly, if we take 
the curves x = 04 and y = ao, we see that o^nPi cannot contain any path with extremities 
in 03. The reader can check that in fact, no curve of cr s (Y) can contain some path in Pi 
with extremities in a same boundary of Pi . The situation is summed up in Figure |33] 
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Figure 33: Case n = 6: the intersection of the curves of cr s (y) and Pi. 

• Then, there exists in X^^) a connected component homeomorphic to a disk whose bound- 
ary consists in four arcs of curves, each arc being included in a' l5 ai, a' 2 and 03 respectively. 
We then deduce that there exists in iSubwy) (X) a subsurface bounded altogether by a 2 
and a 2 . Then, taking the image of this situation by /j(<5 -1 ), we deduce that there should 
exist in <Subw;f)(X) a subsurface bounded altogether by ai and a^. However, this is not 
the case. This is the expected contradiction. 

Finally, the conditions |cr s (< ; f)| = n and n = 6 lead to a contradiction. This concludes the proof 
of Proposition 19.31 □ 



9.3 Description of a n (Qo) and of cr(X) in E 

According to Proposition 19. 3| for all integers i G {0, . . . , n — 1}, the set of curves a s {Ai) 
is reduced to a unique curve. We denote it by a^. Since we know that the set a s {X) is equal 
to {ai, 03, . . . , a n _i} and since we know how these curves are arranged in X (cf. Proposition 
19. 3p . we turn now to the simplex a(X). Let us recall that according to Proposition 17. 1[ we have 
a n (Ai) = cr n {Go), whence the equality 

a(X) = <T s {X)Ua n {g ). 

Recall that &{X) is a simplex since X span an abelian group. Consequently, a s (X) and (J n {Go) 
are also simplexes. Moreover, I(a s (X), cr n {Qoj) = 0. Actually, we have the following, which is 
stronger, and which comes from the properties of the normal curves (see Proposition I7.1l (ii)): 

IMGo), <r n (9o)) = 0. 

Proposition 9.4 (Existence of the surface £). 

(i) There exists a unique subsurface S in Sub a rg \(T,) that contains the curves of a s (Qo). 
(ii) The boundary of each subsurface belonging to <Sub CTs contains a s {X). 
(Hi) The surface X is of genus g G — 1, ^}. 
(iv) The surface S is of genus 5 £ {| -1, ||}. 

(v) The set 5ub CTs (^)(S) is reduced to a connected component of genus zero, or to two connected 
components, one of them is of genus zero and the other is of genus zero or one. 
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Proof. 



Let us show item (i). 

Let us recall that the normal curves do not intersect any curve of ct(Qq) and hence any special 
curve. For all i 6 {0, 1, ... , n — 1}, let Ej be the subsurface of Sub^^g^^E) that contains the 
curve aj. Let us recall that for all i £ {0, 1, . . . , n — 1}, the curve S.ai is a special curve of 
<r s (^4j+i), so 5.a>i = dj+i. But /(a^, 5.a,i) ^ according to Proposition 17.11 for <2j is special, so 
I(ai, aj+i) ^ 0, hence Sj = Xj+i. Thus all the special curves are included in a unique subsurface 
£ of 5ub CTii(go) (S). 

Lei us show item (ii). 

Let S be a subsurface belonging to iSub^^^E). If none of the boundary components of S is 
a normal curve, then S belongs to tSub^^^S) and according to Proposition 19. 3| the boundary 
of S contains a s (X) and item (ii) is proved in this case. 

Let us then assume that a n (Go) is nonempty and let us focus on the surfaces of 5ub (Ts ( i y)(S) 
such that at least one of the boundary components is a normal curve. We define a subgroup %* 
of H {T~L was defined in Subsection 18. ip by: 

n* --(jaj 1 , i,jeOdd(n)) 

It acts via p on Curv(E) and notably on o~(X) so that: 

• Action ofH* via p on o~ s {X). We have seen that the action of H via p on Curv(S) preserves 
a s (X), hence so does the action of H* on Curv(S), since 7i* is included in %. Moreover, the 
homomorphism 7i — > &{X) sends H* on %l(X ), the alternating group on the elements of X. 
Indeed, for all i € Odd(n), this homomorphism sends ^fi^i on the circular permutation 
on the three elements Ai, Ai + 2, But 2l(^f) acts transitively on X (recall that X 
contains at least three elements). Hence the action of W on "PA^od(S) preserves X and 
is transitive on X. Therefore %* acts transitively on a s {X). 

• Action of H* via p on c n (t/o)- Let us recall that according to Proposition 17.141 the action 
of B n on a n {Go) and on Bndy(S (J)i (g )) is cyclic. Then the action of T n = Ker ({A : B n — > 
Z, r\ I— > 1}) on a n {Qo) and on Bndy(S o - n (g - ) ) is trivial according to Lemma [7.2l (iii). Since 
Ti* is a subgroup of T n , the action of T~L* on Curv(S) fixes each curve of cr n (^o) an< i each 
boundary component of £„. /g ). 

• Action of H* via p on 5ub CTn (g )(E). According to the action of H* on o~ n (Go), the action 

of %* via p on 5ub(S) preserves X and preserves the set 5ub CTs (^)(S) of subsurfaces. Let S 

be a surface belonging to iSub^ (,*•)(£) such that at least one of the boundary components 
is a normal curve. According to the action of %* via p on cr n (Go), the action of H* via p 
on <Sub(£) preserves the surface S. 

Let us exploit this. For any subsurface S belonging to iSub^^^E) such that Bndy(£) contains a 
normal curve, S must be stable by H*. Hence Bndy(5*) is %*-stable, and so is Bndy(S') <la s (X). 
So Bndy(S') must contain all a s (X) since T~L* acts transitively on a s (X). 

Let us show items (Hi) and (iv). 

According to item (ii), each subsurface belonging to 5ub CTs (^)(S) contains at least ^ spe- 
cial curves in its boundary. Since a s {X) contains ^ curves, 5ub CTs (^)(S) contains one only 



91 



connected component having n special boundary components, or 5ub ff(i (^(E) contains two con- 
nected components having each ^ special boundary components. In the first case £ contains 
a non-separating set of S curves, so £ is of genus g ^ ^. In the second case £ contains a 
non-separating set of S — 1 curves, so £ is of genus g ^ ^ — 1. Let us recall that by hypothesis, 
5 ^ ^. Since £ contains £, we have g ^ g. So finally, we have: 

Let us show item (v). 

We have just seen in items (iii) and (iv) that Svh as (x)(^) is a set of exactly one or two 
subsurfaces. 

• If iSub CTs (;f)(£) contains only one subsurface, let us denote it by S. The surface £ is the 
gluing of S on itself by making coincide the n boundary components between them. The 
difference between the genera of £ and S is then ^, but £ is already of maximal genus ^, 
so S is a genus-0 surface. 

• If tSub^ (^)(£) contains two subsurfaces, let us denote them by S\ and S%. The gluing of 
S\ on S*2 along the n special boundary components brings a contribution of § — 1 to the 
genus of £. Since the genus of £ is at most ||, the sum of the genera of Si and of S2 is at 
most 1. 

□ 

Proposition 19.41 allows us to set the following definitions that will still be useful in Section ITUl 
Actually, the full description of <7 n (£?o) is useless to prove Theorem [1] Focussing on the subset 
U (defined just below) of a n {Go) will be enough. 

Definition 9.5 (£, £ and U). 

• Let £ be the subsurface of Sub an (g j(E<) that contains the special curves. 

• Let us set U = Bndy(£) n cr n (Qo). 

• Let £ be the union of the subsurfaces of <Sub^(£) different from £. If £ is the only 
subsurface of <Sub^(£), we will say that £ is empty. 

Attention: Let us recall that we have supposed in this section that c 7 p {Qq) was empty, in other 
words, the separating curves belonging to cr n (^o) separate £ in two surfaces of nonzero genus. 
Without this hypothesis, Proposition \9.6\ would be false. 

Remark. If £ is nonempty, we have Bndy(£) D Bndy(£) = U. In the following section, the 
only information about <r n (£/o) that will help us concerns U. That is why we focus only on U. 
According to this remark, the next proposition deals only with U instead of cr n (<5o)- All the 
same, we terminates this section by giving all the possible graphs of T(£, a{X)). 

Proposition 9.6 (Description of 5ub^(£)). 

We have \U\ ^2, and <Sub^(£) satisfies the following properties: 

• iflAis empty, then £ = £; if £ is of genus ^, then IA is empty, 
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• iflA is reduced to a non- separating curve u, then E is empty and {u} is the mark 0/ S, 

• ifU is reduced to a separating curve u, then E is a connected subsurface of genus 1, 

• ifU contains two curves, then they are non-separating and E is connected, of genus zero. 

These assertions can be summed up as follows: the graph r(S, IA) is one of the four graphs 
depicted in Figure \34\ where: 

• the circled vertices represent the subsurfaces of nonzero genus o/<Sub^(E), 

• the integer placed beside the circled vertices indicates the genus. 




Figure 34: The four possible graphs for r(S, IA) (cf. Proposition 19. 6ft . 

Proof. The proof comes from a genus computation. Let us recall that g is the genus of E. Let 
us denote by g the genus of E and by g the genus of E (which is zero by convention when E is 
empty). According to Proposition 19. 4[ we have: 

«?£{§-!,§}, ge {f-1, f}, 9 6{0,1}. 

Notice that each (nonempty) connected component of E, that is separated from E by a separating 
curve of IA, is of nonzero genus, for we have assumed that there exists no peripheral curve in 
a{Qo). Hence it can exist only one nonempty connected component of E separated from E by 
a separating curve. Besides, if a (nonempty) connected component of E is of genus zero, it is 
separated from E by at least two curves of IA (again because the curves of IA are not peripheral 
curves). So the gluing of E and of a genus-0 connected component of E brings also a nonzero 
contribution to the genus of E. Hence E contains only one connected component. In other words, 
E is connected. Hence the following formula holds as soon as E is nonempty: 

g-g-g=\IA\-\. 

This number must be equal to zero or one. Hence \JU\ £ {1, 2} (still under the hypothesis: 
E is nonempty). If = 2, then g = 0. We have seen that conversely, if g = whereas 
E is nonempty, we have \U\ ^ 2, so \IA\ = 2. Similarly, if E is nonempty, \U\ = 1 if and 
only if g = 1. These two last cases correspond to the two graphs drawn in Figure (34J right- 
hand side. When E is empty, we get obviously the two graphs in Figure [34j left-hand side. 

□ 



10 Expression of the mapping classes of Qq 

Hypotheses. 

Let n ^ 6 an even number, let E = E 9j ;, with g ^ ^, and let p : B n — )• 'P.Mod(E) such that: 
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• p is non-cyclic by assumption, 

• Cp(^o) = by assumption, inspired by Proposition 14,71 

• a s (Ai) = {oj} according to 19.31 

• dj is not separating according to Proposition 18.11 

We want to show that p is a transvection of monodromy homomorphism. To do so, we first 
show in Subsection 110.11 that p induces on E (cf. Definition I9.5[) a transvection of monodromy 
homomorphism. Then we show in Subsection 110.21 that p is itself a transvection of monodromy 
homomorphism. Finally, in Subsections 110.31 and 110. 4[ we show Theorem [1] when n is even and 
when n is odd, respectively. 



10.1 The homomorphism p induced by p on .Mod(£) 

We then define the homomorphism 

A . VMo^ n{Qo) (T.) — > .Mod(E) 
A i — ► A 

We denote by p the composition A op : B n — > A4od(E). This homomorphism is well-defined 
for p{B n ) preserves <J n (Qo) according to Proposition 17.141 We will prove in this subsection that 
p is a transvection of monodromy homomorphism. 

We denote by Qq and X the images of Qq and X by A, where X = {Ai, i 6 Odd(n)} = 
{A\, ^3, . . . , A n ^\}. In order to study the homomorphism p, we focus on the mapping classes 
induced by those belonging to X, in .Mod(E), where £ is the surface E^ ,gy Notice that, 
according to Lemma |A,20( we have: 

f o s (X) = cr s {X) fl Curv(S) = {oj, i £ Odd(n)}, 
1 (T n {X) = a n (X) n Curv(S) = 0. 

Cutting S along the curves of a s (X) 

• Let £ be the surface T,^ ■ According to Proposition 19.41 (v) , S is a connected genus-0 
surface, or contains two connected components such that one is of genus zero and the other 
is of genus at most one. 



• Let ~ be the canonical homomorphism ~ : ^s^x) ^ , where .Mod/^ (E) 



Mod CTs(i?) (E) — ► Mod(E) 

is the group of the mapping classes of A^od(E) preserving a s (X). We will denote by X 
the image of X. 



For all i € Odd(n), let us denote by and a i the two boundary components coming 
from cutting E along a%. We set Bndy (E) = {a~[ , i € Odd(n)} and Bndy^(E) = {a i , i € 
Odd(n)}. When E is not connected, the boundary components and a~ are such that 
Bndy + (E) is included in the boundary of one connected components of E and Bndy~(S) 
is included in the boundary of the other connected components of E. For these definitions, 
see Figure [35] that represents the case where E is connected. 

Recall that the subgroup H of B n (see Subsection 18. ip is the subgroup ( 7$ , i£ Odd(ro) ) 
of B n where for all i € Odd(n), the element 7$ is the product T,Tj +1 TjTj+2 T i+i' r i- 
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Bndy(S) 



Figure 35: The surface S (case where S is connected). 

Let us also recall the main properties of H. (see Proposition 18, 2) : 

(i) The action of 7~L on 7 ? A^od(S) via p preserves X. Indeed, for all i,j € Odd(n), we 
have: 



i-i 



4 


if 


» i {j, 3 ~ 2} 




if 


i = j-2 




if 


i = j. 



(ii) The homomorphism H —> &(X) describing the action of H on X, where &{X) is the 
symmetric group on the elements of X, is surjective. In particular, this action is ^ 
times transitive. 

(iii) The action of H on Curv(X) preserves a s (X). 



• For all £ € H, the mapping class p(£) preserves cr^A^), so the element ~ o A (/?(£)) is 
well-defined. Thus, we can define an action of H on X as follows. For all £ € % and all 
A € A", we set: 

e.A=~oA(p(0^p(0 _:L )- 

Notice that the action of T~L on X can be deduced from the action of T~L on X. Then, for 
all i,j £ Odd(n), we have: 



li-Aj = < 



4 


if 


» g {3, 3 ~ 2} 




if 


i = j - 2 


4/+2 


if 


i = j. 



Lemma 10.1 (The mapping classes A{, i € Odd(n)). 

^4^ i/ie mapping classes A{, i € Odd(n), coincide. Either they are trivial, or there are periodic 
of order 2 and swap and aj for all j £ Odd(n). 
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Proof. 

Action of H on Bndy + (£) U Bndy~(£): 

Notice that each mapping class of X preserves o~ s (Ai) for all i G Odd(n), so each mapping class of 
X preserves {aj~ , a i } for all i G Odd(n). If A\ fixes both boundary components O3 and a 3 , then 
A\ fixes both boundary components af and for all i G Odd(n) \ {1}, as we are going to show 
it right now. Let us recall that according to Proposition 18. 2[ H acts ^ times transitively on X, 
hence on X. So, for all i G Odd(ra) \ {1}, there exists £ G % such that £.Ai = A\ and £.^3 = Ai. 
Then if A\ fixes the boundary components a 3 and a 3 , £,-A\ fixes the boundary components £.a 3 
and £.a 3 acts canonically via p on Bndy(£)), so A\ fixes both boundary components aj~ and 
a^. So there exist a priori four possible actions of X on Bndy + (£) U Bndy~(£): 

a) the mapping classes of X fixes the curves of Bndy + (£) U Bndy _ (£); 

b) the mapping classes of X swap af and a ? ~ for all i G Odd(n); 

c) for all i G Odd(n), Ai swaps af and a^~, and fixes and a~ for all j G Odd(n) \ 

d) for all i G Odd(n), Ai fixes and a^~, and swaps of and aj for all j G Odd(n) \ {i}. 

Both cases a) and b) correspond to the situations described in the statement of Lemma 110.11 In 
the remainder of this proof, we assume to be in the case c) or d) and we expect to find some 
contradiction. Let us show first the below assertion (1), stating that £ must be connected. Notice 
that in the cases c) and d), A\ sends some boundary components of Bndy + (£) in Bndy (£) and 
some other boundary components of Bndy + (£) in Bndy~(£). Yet, on one hand the boundary 
components of Bndy (£) belong to a same connected component of £ and so do the boundary 
components of Bndy~(£). On the other hand, A\ sends the connected components of £ on the 
connected components of £. Hence there exists a connected component in £ that contains some 
boundary components of Bndy (£) and some other boundary components of Bndy~(£). By 
a transitivity argument, the boundary components of Bndy (£) and of Bndy~(£) belong to a 
same connected component, hence: 

the surface £ is connected. (1) 

We pursue the proof of Lemma [10. II by studying the nature of the mapping classes of X, (re- 
ducible, periodic or pseudo-Anosov) . We will show that they are periodic and we will determine 
their order. 

The nature of the mapping classes of X : 

The mapping class A\ is pseudo-Anosov or periodic, for o~(Ai) = 0. Remember that £ is the 
cut of £ along the curves a s (X). So, if A\ was pseudo-Anosov in A4od(£), the mapping class 
Ai in 7Wod(£) would satisfy cr(Ai) = a s (X), according to Lemma lA.211 However cr s (^4i) = 
{ai}, whence a contradiction. So Ai is periodic. Now, notice that A( fixes each curve of 
Bndy + (£) U Bndy~(£), so Af is a periodic mapping class that fixes more than three boundary 
components in a genus-0 surface. Hence, according to Corollary IA.9[ Af is the identity. Hence 
A\ is the identity or is periodic of order two. The same argument can be held for Ai for all 
i G Odd(n). Hence: 

either the mapping classes of X all are the identity, ^\ 
or they all are periodic of order two. 
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We are now ready to focus on the case c) and then on the case d), in order to find some 
contradiction. 

Refutation of the case c): 

In the case c), Ai fixes at least n — 2 boundary components of S. But as we saw it in (1), £ 
is a connected genus-0 surface. Furthermore, A\ is periodic according to (2), so we can apply 
Corollary I A. 9 1 and conclude that A\ is the identity. But then A\ must fix af and a~[ , which 
contradicts the hypotheses of the case c). 

Study and refutation of the case d): 

A following simple argument allows us to reject the case d) when n ^ 8. Let us consider the 
mapping class ^1^3. It is periodic of order 2, for A± and A3 commute. According to Corollary 
IA.9[ a periodic mapping class that fixes three or more boundary components of a genus-0 surface 
is the identity. Here, ^1^3 fixes all the special boundary components except the boundary 
components , a 1 , 0,3 and a 3 . So, when n ^ 8, the mapping class ^1^3 fixes at least four 
boundary components. Then ^4i^3 must be the identity. But this is absurd, for ^1^3 does not 
fix the boundary components a^, a^, ajj~ and ag . Hence the case d) can a priori happen only if 
n = 6. 

Let us consider the case n = 6 and let us describe the situation. Recall that according 
to (1), S is connected. Let Bndy (E) be the set of boundary components of E that do not 
belong to Bndy + (E) U Bndy~(E). Again, the mapping class ^4i^43 is periodic and fixes the 
boundary components a§, , whereas it permutes the boundary components af , aj~, and 
ag non-trivially. According to Corollary IA.91 such a mapping class fixes at most two bound- 
ary components. Hence ^1^3 fixes no boundary component of Bndy°(E). Yet, on one hand, 
Bndy°(E) is included in Bndy(E) U IA, and on the other hand the mapping classes of X fixes 
the curves of Bndy(E) n Bndy°(E) and have all the same action on the curves of IA n Bndy°(E). 
So Bndy(E) n Bndy°(E) must be empty. Concerning IA, notice that in each of the three cases 
\IA\ € {0, 1, 2} which are authorized by Proposition 19. 6[ the mapping class ^1^3 fixes the curves 
of IA. Thus IA fl Bndy°(S) and Bndy(S) n Bndy (S) are finally empty sets. Hence U, Bndy(S) 
and Bndy°(S) are all empty sets. Hence: 

S = S = E3 0, and E = T,q q. 

We have represented the surface S in Figure [36] and we have described in it an example of an a 
priori possible set of the three periodic mapping classes A±, A3, and A$, such that their action 
on Bndy(S) is coherent with the case d). 

Now, since IA is empty (and hence since o~ n (Go) is empty), the homomorphism A is trivial 
so we can forget it. The contradiction we aim will comes from a study on the mapping class 
Z = (A3A4A5) 2 : we will see that it induces on a subsurface of S a periodic mapping class of 
order 4 and that the square of Z coincides with A± modulo a power of Dehn twist along the 
curve a\. But as we will see it, such a mapping class has no square root. This is absurd since Z 
is a square itself. 

1. First attempt to describe o~(Z). 

Let us recall that o~(Z) = o~(Z 2 ). Since A\ commutes with A\, A3, A^ and A5, the mapping 
classes Z and A\ commute. Hence Z fixes the curve 01 . Moreover, Z^Z -1 = A^ and ZA<^Z V = 
A3, so Z swaps the curves 03 and 05. Hence Z induces a mapping class Z in .Mod(E). Moreover, 
let us justify that Z 2 commutes with A3, A$ and A5. In B4, the element S = T1T2T3 acts cyclically 
on the set {n, T2, T3, tq} by conjugation, so (T1T2T3) acts trivially on this set by conjugation. 
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Figure 36: The case n = 6 where A\ fixes af and a 1 , and permute a 3 with a 3 , and a§ with a 5 . 
We see £ in M 3 and the mapping classes Ai, A3 and are isotopy classes of rotations. 

Now, the fact that Z 2 commutes with A3, A4 and A§ comes from an obvious homomorphism 
from B4 to (A3, A4, A5) that sends t\, t<i and T3 respectively on A3, A^ and A§, and that sends 
(T1T2T3) 4 on Z 2 . Hence: 

Z 2 commutes with A\, A3, A4, A§. (3) 

So, 

Z 2 fixes the curves a\, 03, 04 and 05. (4) 

Hence the curves a±, 03, 04, 05 are some reduction curves of Z 2 , so we have 
l(a(Z 2 ) , {ai, 03, 04, 05}) = 0. Hence, if we see S as a subsurface of S, we have: 

cr(Z 2 ) C Curv(S) U {at, a 3 , a 5 }. (5) 

But 04, which is a reduction curve of Z 2 , intersects 03 and 05, so neither 03 nor 05 can belong 
to a(Z 2 ). So (5) can be replaced by (6): 

a(Z 2 ) C Curv(S) U {01}. (6) 
We are interested in cr(Z) which is equal to a(Z 2 ). According to (6), we should investigate the 
set cr(Z) n Curv(S). To do so, we focus on Z, which we define as being ~ (Z), the induced 
mapping class by Z in .Mod(X). Notice that ~ (Z) is well-defined, since Z preserves the set 
{a\, 03, 05}. According to Lemma |A.20| we have: 

a(Z) = <r(Z)nCurv(£). (7) 
Let us then describe the surface £<t(z)- In the remainder of step 1., we refer to Figure [371 

(i) Since 04 intersects 03 and (Z5 but does not intersect the curves of cr(Z), there exists in 

a path lo included in 04 such that to has one of its extremities in 03 U a 3 and the 
other extremity in a§ Ua^. Even if it means renaming the curves, we can assume that this 
path is with extremities in 03" and a§ . So we can assume without loss of generality that 
Gtg" and belong to a same connected component of £<r(Z)- Let us denote this connected 
component by C + . 

(ii) Since A\ commutes with Z 2 according to (3), it preserves the curves of cr(Z) and induces 
an action on the boundary components of ^a-(Z) ■ According to the hypotheses of the case 
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d), A\ sends tig and a§ respectively on a 3 and o 5 . So A\ sends u on a path joining o 3 
and a§. Therefore and belong to a same connected component of ^ a (z)- Let us 
denote this connected component by C~ . 

(iii) Since ^3 commutes with Z 2 according to (3), it preserves the curves of <r(Z) and induces 
an action on the boundary components of Yi a (zy According to the hypotheses of the case 
d), A3 sends and respectively on ajj~ and a§. So ^3 sends w on a path joining and 
a§ . Therefore and a§ belong to a same connected component of Jj^fz)- So C + = C~ . 
Let us denote by C this connected component. 



1) 



c + 






£<7(Z) 






+/V 03 


? 


a 5lZl-— 






ii) a 

cut along ct(Z) a + 5 














+n \ 


7 


a s [J \ 




c /7>V 



J 3(a)) 7 



Figure 37: Following the argument of step 1. of the proof of Lemma llO.ll 



2. We show that the set u(Z) is included in {a±}. 

We argue by contradiction. Let us assume that there exists a curve x in cr(Z) different from 
a\. According to (6), the curve x lies in o~(Z). It is a separating curve of £ for £ is a genus-0 
surface. Let x + and x~ be the two boundary components of £<t(z) coming from the cut along x. 
We can assume that x~ is a boundary component of C whereas x + belongs to another connected 
component of £ CT (z) that we call P. Notice that x(^a(Z)) = x(^) = — 4, whereas x(C) ^ —3 
since it has at least five boundary components: ctg , aj, a^, and x~, and x(P) ^ — 1. Since 
—4 = —3 — 1, the connected component C is a sphere with five holes, P is a sphere with three 
holes, and C and P are the only connected components of £<t(ZV So 

x is the only curve in cr(Z). (8) 
Notice that Bndy(P) is equal to {x + ,af, aj~}. This situation is summed up in Figure [ 
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Figure 38: The curve x such that cr(Z) = {x}. 

Now, A3 commutes with Z 2 , so ^3 fixes the curve x. Then ^3 induces a mapping class in 
■Modf^Ea;). But E x contains two non-homeomorphic connected components , so ^3 induces a 
mapping class on each connected component. Let F be the so induced mapping class by A3 
on C. It is periodic of order two on the surface C (for A3 was periodic of order two, according 
to (2)). However, F fixes x~ , and aj. This is in contradiction with Corollary IA.91 since 
C is a genus-0 surface, and any periodic mapping class on a genus-0 surface that fixes three 
boundary components is the identity. This is the expected contradiction. We have then shown 
that a{Z) C {ax}. 

3. Let us show that Z 2 and A\ coincide, up to a power of a Dehn twist along the curve a\. 

Let us recall that, according to (2), A% is periodic of order two. The mapping class Z satisfies 
ct(Z) = 0, so it is either pseudo-Anosov, or periodic. If it was pseudo-Anosov, the curves a\, 
03 and 05 would be essential reduction curves of Z, but we saw in step 1. that 03 and as were 
not. Hence Z is periodic. Then the mapping classes Z and A\ are periodic and commute, so 
they span a finite group. Notice that according to the hypotheses of the case d), A\ fixes the 
curves and . Concerning Z, remember that A3, A4 and ^5 fix the curve a\, hence so does 
the mapping class A3A4A5. So the mapping class Z = (A3A4A5) 2 fixes the curve a\ and does 
not permute the two connected components of V \ a\ where V is a tubular neighbourhood of 
a%, so Z fixes the curves af and a^. Hence Z and A\ are periodic mapping classes and both fix 
the curves and , so according to Lemma IA. 16[ Z and A\ span a cyclic group. Since the 
order of Z is even (for Z swaps {aj , } with {ag~ , }) and since the order of A\ is two, then 
there exists an integer k ^ 1 such that A\ = Z k . But Z 4 has a trivial action on the boundary 
components of E, so it is the identity, hence k G {1, 2, 3}. But Z and Z 3 swap {a^ , a^} and 
{a§ , } whereas A\ preserves each of these sets, so k ^ {1, 3}. Finally, 

M = z 2 . 

Let us consider the product Z 2 A± 1 . We just have seen that ~ (Z 2 A 1 ~ 1 ) is trivial in .Mod(E), so 
according to the following exact sequence: 

1 -»• (T ai , T a3 , T a5 ) -> Mod aa(x) (E) ^ Mod(Z) -> 1, 

the mapping class Z 2 A 1 ~ 1 is a multitwist along the curves a\, 03 and 05. But cr(A\) is equal 
to {ai} and according to step 2., cr(Z 2 ) is included in {ai}, so according to Proposition ??.(v), 
a(Z 2 A 1 ~ 1 ) is included in {ai}. 

3. We get a contradiction when we examine on the mapping class Y = A3A4A5. 

We can see E as a punctured sphere where each boundary component has been replaced by 
a puncture. The mapping class Z of .Mod(E) is periodic so according to Kerckhoff 's Theorem, 
Z can be represented by a periodic diffeomorphism of E. According to Kerekjarto's Theorem, 
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this periodic diffeomorphism is conjugate to a rotation on the sphere £ by a diffeomorphism 
isotopic to the identity. Since Z is of order 4, £ is the isotopy class of an angle ±7r/2 rotation 
over an axis containing two punctures that correspond to the boundary components af and a^. 
The square of this rotation is in the isotopy class of A±. This justifies Figure |39]in which we 
have represented the genus-2 surface S ai with two boundary components and oJ~, and the 
periodic mapping classes A± and Z' induced by Ai and Z in VA4od(T, ai ). We can see that A\ 
has exactly four fixed points, namely Pi, P2, P3 and P4, in Figure l39l Therefore: 

(1) Z' has no fixed points, 

(2) Z' 2 = A[ has four fixed points. 




Figure 39: The periodic mapping class A\ induced by A\ in S ai (the arrows along the curves CI3 
and 05 stand for a gluing along these curves, so that S Q1 is indeed a genus-2 surface with two 
boundary components: af and a±). 

Let us set Y := A^A^A^. According to Proposition 17.131 A3, A^ and A§ fix a s {A\) ) hence fix a\. 
So Y induces a mapping class in A4od(£ ai ), which we will call Y'. Since Z' is periodic of order 
4, the mapping class Y' is periodic of order 8. Assertions (1) and (2) imply assertions (3)-(5) 
below. Only assertion (5) needs to be proved. 

(3) Y' is periodic of order 8 without fixed points, 

(4) Y' 2 = Z' is periodic of order 4 without fixed points, 

(5) Y' 4 has four fixed points belonging to a same orbit under Y' . 

Let us justify assertion (5). If Y' preserved {Pi, P3}, then Y' 2 would fix Pi and P3. But it does 
not, so the cardinality of the orbit of Pi under Y' is at least 4. But Y' 2 preserves {Pi, P3}, so 
the cardinality of the orbit of Pi under Y' is at most 4. Hence the orbit of Pi and P3 and the 
orbit of P2 and of P4 contain exactly 4 points. Since Y' 4 contains 4 fixed points instead of 8, the 
orbit of Pi and the orbit of P2 coincide. Thus assertion (5) is proved. We are then ready to apply 
Lemma [A. 7\ linking the Euler characteristics of S ai and of the quotient surface £ ai /(Y'). To do 
this, let us compute %(S ai /{l r/ ) ). The mapping classes A' 3 , A'^ and A' 5 induced by ^3, A4 and 
A 5 in Mod(T, 01 ) swap and (we knew it already for A3 and A§ by hypothesis, we deduce 
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it easily for A4). So Y' swaps at and a±, so the surface Yl ai /(Y') must have a unique boundary 
component. Since Y' preserves the orientation, T, ai /(Y') is a disk, a torus with one hole, or a 
genus-2 surface with one hole. So xC^ai/(Y')) £ {1, —1, —3}. The ramification points of the 
covering S ai — > £ ai /(Y') come also into account. According to (5), there is only one ramification 
point Q that has 4 preimages Pi, P2, P3 and P4 in £ ttl . So, with the notation of Lemma [A. 7( we 
have o{Q) = 4. Let us recall that in Lemma |A.7| the cardinality of (Y') is denoted by m, then 
here, m = 8. We get: 




-4 8-4 8 1,-1 or -3 

This equality cannot be satisfied, since the left-hand side is zero whereas the right-hand side is 
nonzero. This is the expected contradiction and terminates the proof of Lemma Il0.ll □ 

We now can prove the following proposition: 
Proposition 10.2 (Description of p). 

There exist an integer e £ {±1} and a mapping class a o/.Mod(£) that is either the identity or 
the periodic mapping class of order two that fixes the curves Ot, i £ {1, 2,...,n — 1} such that, 
for all i £ {0, 1, . . . , n — 1} 7 the homomorphism p satisfies: 

Kn) = T*. a. 

Proof. 

1. Let us begin to deal with the case where A\ is trivial. In this case, A\ is a multitwist 
along the curves of a{X). But cr(Ai) = a s {A\) H Curv(S) = {ai}, so there exists a nonzero 
integer e such that A\ = T% . Then, by applying the conjugation by the elements of p(^T), for 
all i £ {0, 1, . . . , n — 1}, we get: 

p{r i ) = A l =Tl. (1) 

Now, for all i £ {0, 1, . . . , n — 1}, Ai and Ai + \ satisfy a braid relation, so according to Proposition 
IA~2| e belongs to {±1}. Thus, in the case where A\ is trivial, the proof is over. 

2. When A\ is not the identity, we have A\ = A3 = • • • = A„„i according to Lemma 
110.11 According to Corollary IA,15[ these periodic mapping classes of order 2 all induce a unique 
mapping class a of order 2 on A^od(S). According to Proposition ??.(v), for all i £ Odd(n), we 
have the inclusions o~(Ai a) C a(Ai)Ua(a) and cr(Aj) C o~(Ai a) U a(a~ 1 ), but a(a) = <r(a -1 J = 
0, so we get the equality a(A{a) = cr(Ai) = {ai}. By definition of a, the mapping class Ai a 
induces a trivial mapping class in .A4od(£). Hence, for all i £ Odd(n), there exists an integer ki 
such that: 

A i a = T£. (2) 
Notice that for all £ £ H, the mapping class p(O a P(0 _1 i s periodic of order 2 and induces 
in A4od(S) a mapping class that coincides with £.Ai. But £,.A\ = A\ according to Lemma 
110. 1| so by uniqueness of the construction of a (cf. Corollary IA. 15[) . we have the equality 
p(O a P(0 1 = a - Then, by conjugation by the elements of p(H), the ki are all equal to an 
integer which we denote by e. Hence for all i £ Odd(n), we have: 

Ai<* = T£. (3) 

Since A^A^A^^a S (A^)) = 05(^4), then ^3^4^3(03) = 04. Hence the product ^y^As sends 
by conjugation T a3 on T ai . Moreover, A3A4A3 sends also by conjugation A3 on A4. Hence, 
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by conjugating the equality A\T a ^ = A^T a ^ by A3A4A3, we get A\T a ^ = A±T a £ . Hence 
A^T~ 4 e = A%T~^ . Now, let us make 5 act on this last equality. We get (4): 

A X T£ = A 2 T-f = ■■■ = An-xT-l, = l T- £ . (4) 

Therefore a (equal to A\T~^) is stable by the action of 5. In other words, a commutes with 
p(S). Then, since a(a±) = a%, it follows that for all i € {0, 1, . . . , n — 1}, we have a(cij) = Oj. 
Hence, for all i £ {0, 1, . . . , n — 1}, the mapping class a commutes with T ai , hence with T£. a. 
That is, a commutes with Ai. Therefore, the transvection of p with direction a is well-defined. 
Let us denote it by L a (p). Thus, for all i E {0, 1, . . . , n — 1}, we have: 

L a (p)(T i ) = A i a = T* i . (5) 
This kind of equality (5) is very similar to (1). We can then prove, exactly as in the case where 
A\ is trivial, that e G {±1}- □ 



10.2 The homomorphism p is a transvection of monodromy homomorphism 

At last, we prove in this subsection Proposition 110.41 we know that the homomorphism p 
induced by p is a transvection of monodromy homomorphism. We have now to check that the 
homomorphism p itself is a transvection of monodromy homomorphism. 

Let us gather the main information onS, S and IA contained in Definition 19. 51 and Proposition 

ELS 

Recalls (Definition 19.51 and Propositions 19.41 and 19. 6[) . 

• Let £ be the subsurface of 5ub CTn (g )(E) containing the special curves. The surface £ is of 
genus ^ - 1 or ^. 

• We set hi := Bndy(S) n cr n (Qo). The set of curves U can be empty and contains at most 
two curves. 

• Let £ be the subsurface of 5ub^(£) different from £ (well-defined according to Proposition 
19. 6p . If £ is the only subsurface of 5ub^(£), we will say that £ is empty. 

The links between £, £ and hi are the following: 

• if hi is empty, £ = £; if £ is of genus ^, then hi is empty, 

• if hi is reduced to a non-separating curve u, then £ is empty and {u} is the mark of £, 

• if hi is reduced to a separating curve u, then £ is of genus 1, 

• if hi contains two curves, then they are non-separating and £ is a nonempty genus-0 surface. 

Proposition 10.3. There exists a mapping class W € VA4od(Y<) such that for all 
i € {1, 2, . . . , n — 1} ; the following holds: 

• in A4od(£), A(W) commutes with A(T a J and A(Ai), 

• in .Mod(£), A(Ai W~l) = A(T£), 

• in A4od(£), V(W) commutes with \/(Ai), 

• in A^od(£), y(Ai W~l) = V(T^). 
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Proof. Let us distinguish the case according to IA. 

a) If IA is empty, then E = E, so A\T~^ coincides with a, the mapping class defined in 
Proposition 110.21 According to this last proposition, a satisfies the four assertions that W must 
satisfy. Then in this case, Proposition 110.31 is proved. 

b) If IA is reduced to a non-separating curve u, then, if a is the identity, we set W = Id in 
the group VA4od(Yi). And if a is not the identity, according to Corollary IA.15| there exists a 
unique mapping class W of ■p.Mod(E), periodic of order two, fixing the curve u and such that 
c\xt u (W) = a. Then, again according to Proposition 110.2] this definition of W suits. 

c) If IA is separating in E, which gathers all the cases not treated by a) and b) above, then 
we are going to show that the mapping class W = A\T~^ belonging to VAiod(T,) suits. Let us 
start by showing that the homomorphism V o p is cyclic. 

The set of curves IA is stable by the mapping classes of Go, for the curves of IA are topologically 
different from the other curves of a n (Go)'- they are the only ones that separate E from E. Let us 
distinguish two cases, depending on whether E is of genus 1, or of genus 0. 

• If E is of genus 1, according to Proposition 19. 6( IA is reduced to one only curve, that is hence 
stable by the action of p(B n ). Hence the image of the homomorphism V o p is included in 
VModiTi) (the boundary components are not permuted). Then we can apply Proposition 
19.41 since E is of genus 1, hence smaller than § — 1, then the homomorphism V op is cyclic. 

• If E is of genus zero, then IA can contain two curves. They can be swapped by the elements 
of Gq, but according to the proposition I7.14[ the action of B n on U is cyclic. Remember 
that we set in Subsection 17.11 

Tn = ((^rf 1 )}^ = Ker (A), 

K = (riTf 1 , 3^i ^n-l) Bn £ Ker (A). 

where )y g is the normal closure in B n and A : B n — > Z is the unique homomorphism 
such that A(ti) = 1. Since the action of B n on IA is cyclic, the induced action of T n on IA 
is trivial. Hence p{J- n ) is included in 'P.Mod(E). Now, remember that J-"* is isomorphic 
to B n -2, that E is a genus-0 surface, so, according to Theorem 14. 4[ the homomorphism 
Vop : J 7 * — >• VA4od(Ti) is cyclic. Hence again, the homomorphism Vop : B n — ¥ VMod(T,) 
is cyclic after Lemma 17.21 (ii) . 

Then, according to Proposition 110.2] the mapping class W = AiT^ belonging to VMod(T,) 
satisfies for all i S {1, 2, . . . , n — 1} the following facts (where a is the mapping class of .Mod(E) 
introduced in Proposition 110.2] ): 

• in A4od(E), f\(W) is equal to a and then commutes with T ai , 
. in A^od(E), A(T a E . W) = A u 
. in Xod(E), V(AiT- £ ) = V(Ai) = V(W). 
This terminates the proof of Proposition 110.31 □ 

Proposition 10.4. Under the hypotheses of this section, the homomorphism p : B n — > 
"PA4od(E) is a transvection of monodromy homomorphism. 
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Proof. Let W be the mapping class of VModiTi) defined in Proposition 110,31 Notice that 
according to this same proposition, A(Ai W -1 ) belongs to 'P.Mod(E) for all i E {1, . . . , n — 1}, 
since A(A, VF _1 ) = A(T„.). Similarly, when E is nonempty, \/{AiW~ 1 ) belongs to 7-\Mod(E) 
since V^f" 1 ) = V(T£). Hence AiW~ l and T£ belong to VuMod{Y>). Let us consider then 
the following central exact sequence: 

1 ->■ (r tt , u£U)^ V u Mod(E) ^ VMod(^ u ) -)■ 1 (1) 

where cut^ is the canonical homomorphism. For any i E {1, . . . , n — 1}, both mapping classes 
AiW -1 and T£ induce the same mapping classes in VMod^u)- So AiW~ l and T£ differ by 
a central element. Consequently, W commutes with A%. We can then define a homomorphism 
p' : B n -> £VWod(E) by setting: 

p'(r*) = ^ T^" 1 = p( ri ) VF- 1 
for all integers i E {1, . . . , n — 1}. Let p" : ,6 n — > "P.M od(E) be the monodromy homomorphism 
defined by 

p'(n) = 

for all i E {1, . . . , n — 1}. The homomorphisms p' and p" satisfy cut^(p') = cut^(p") according 
to Proposition 110.31 Let us apply Lemma 13.41 to the central exact sequence (1). It follows that 
p' and p" are of the same nature, hence p' is a transvection of monodromy homomorphism. So 
by construction, p is also a transvection of monodromy homomorphism. 

10.3 Proof of Theorem CD when n is even 

Let n be an even integer greater than or equal to 6, and E a surface E gj 6 where g We 
already know (cf. Lemma l3.3p that monodromy homomorphisms exist if and only if g ^ ^ — 1. 
Let p be a noncyclic homomorphism from ,B n to VA4od(T,). Let X' be the connected component 
of E CT rg Q \ of genus g (recall that a p (Go) is the set of peripheral curves which where introduced in 
Section [4| . According to Proposition 14.71 (i) and (ii) , the homomorphism p induces a noncyclic 
homomorphism p' : B n — > 7-\/Mod(E'). Then according to Proposition 110.4] Q' is a transvection 
of monodromy homomorphism. Then, according to Proposition I4.7l (ii). the homomorphism p 
was a transvection of monodromy homomorphism. Hence Theorem [T] when n is even is proved. 

10.4 Proof of Theorem [1] when n is odd 

Let n be an odd integer greater than or equal to 7. Notice that in this case, the condition 
g ^ ^ is equivalent to g ^ Let E be a surface E ff) & where g ^ and 6^0. We already 

know (cf. Lemma [3. 3 P that monodromy homomorphisms exist if and only if g ^ Q — 1. Let p be 
a noncyclic homomorphism from ^ n to 7-'A / (od(E). We are going to show that p is a transvection 
of monodromy homomorphism. 

We adopt the following notation: 

B { nl x = <ri, r 2 ,..., r n _ 2 > Bii , 

B^L X = <r 2 , r 3 ,..., r n _i) Bn . 

The homomorphism p from 23 n to 7 7 A / (od(E) induces by restriction to and Si 2 ^ the 

homomorphisms p*- 1 ** : — » "P.Mod(E) and p^ : B^\ — >• 7-'A / Jod(E). The homomorphism 
p is not cyclic, so the mapping classes p(r 2 ) and p{rz) are distinct according to Lemma 13.11 So 
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the homomorphisms and p^ are not cyclic either. Then, according to Theorem [T] when 
n is even, pW and p( 2 ) are transvections of monodromy homomorphisms. So there exist two 
(n — 2)-chains: (aj, 1 ^ i ^ n — 2) and (cj, 2 ^ i ^ n — 1); two mapping classes: V belonging 
to the centralizer of (T ai , 1 ^ i ^ n — 2) in 'PAlod(E) and belonging to the centralizer of 
(T c ., 2 ^ i ^ n — in "P.Mod(X); and two integers e and r\ belonging to {±1}, such that for all 
i 6{1 n-2}: 

f p( 1 )(r,) = T a ^, 

The homomorphisms p^ 1 ) and p^ coincide on the standard generators n with 2 ^ i ^ n — 2, 
so they coincide on at least four consecutive standard generators (four when n = 7). Then 
according to Lemma 13. 5( we have V = W, e = 77, and = Q for all i € {2, 3, . . . , n — 2}. Let 
us denote by a n _i the curve c n -\. Then, we have for all i € {1, . . . , n — 1}: 

P (n) = T^V. 

We just have to check that this is a transvection of monodromy homomorphism. 

• On one hand, the mapping class V is in the centralizer of \T ai , 1 ^ i ^ n — l), since the 
equality V = W implies that V commutes with T Qn _ 1 as well; 

• On the other hand, the ordered list of curves (ctj, 1 ^ i ^ n — 1), is an (n — l)-chain, 
since the curve a n _i intersects a n _2 in one point, does not intersect the curves a, for 
i € {2, . . . , n— 3}, and does not intersect either ai< Let us justify this last point: t\ and T n _i 
commute, so p(Ti) and p(r n _i) commute, so T ai V and T an _j V commute. But 1/ commutes 
with T ai and T an _ 1 , so finally, T ai and r an _ 1 commute, so we have J(oi, a n _i) = 0. 

Thus, p is a transvection of monodromy homomorphism. Hence Theorem [T] is proved. 



Appendix 

A Miscellaneous on the mapping class group 

A.l Parabolic subgroups of the mapping class group 

The concept of parabolic subgroup of the mapping class group has been introduced by L. Paris 
and D. Rolfsen in [PaRo]: given a surface S, the parabolic subgroups of the mapping class group 
of S are the subgroups induced by the inclusion of subsurfaces in S. The next Theorem, due to 
Paris and Rolfsen, deals with some kernels associated with parabolic subgroups of the mapping 
class group. 

Theorem A.l (Paris and Rolfsen, [PaRo]). 

Let £ be a surface and £' a subsurface in £ such that <9£' and <9£ are disjoint. We denote by 
oi, a2, . . . , a r the boundary components of £' that bound a disk in £; we denote by bj, b'j for 
1 ^ j ^ s the pairs of boundary components of £' i/iaf cobound an annulus in £. T/ien i/ie 
inclusion i : £'—>•£ induces a homomorphism i* : .Mod(£', <9£') — )■ ,Mod(£, <9£) whose 
kernel is the abelian group T of rank r + s spanned by T ai , 1 ^ i ^ r anc? fry T 6 -1 T&/ , 1 ^ j ^ s. 
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A. 2 Interactions between Dehn twists and the braid group 

The properties of the Dehn twists are well-known. We simply mention them. 

Proposition A. 2 (Dehn twists' properties, N.V. Ivanov, J.D. McCarthy [Mcl]). 

• For all F in A4od(T,), we have FT a =T a F if and only if F(a) = a. 

• Let T a and T b be two Dehn twists, and i and j two nonzero integers. The relation T a % T b 3 = 
T b 3 holds if and only if I(a, b) = 0. 

• Let T a and T be two Dehn twists, and i and j two nonzero integers. The braid relation 
Tj T b j Tj = T b j Tj T b j holds if and only if I (a, b) = 1 and i = j = ±1. □ 

Proposition A. 3 (C. Labruere, L. Paris, cf. [LaPa]). 

Let (ci, C2, • • • , Cfc) be a k-chain of curves where k is an integer greater than or equal to 2. Then, 

• if k is even, the tubular neighbourhood of c\ U C2 U • • • U Cj. is a surface S (in grey on 
Figure \4<J\ ) of genus | with one boundary component which we call d, and the product 
(T Cl (T C2 T Cl ) . . . (T Ck . . . T C2 T Cl )) 2 is the mapping class a that preserves each curve Ci, 1 Sj 
i ^ k, whose restriction outside of S coincides with the identity, and such that a 2 = Td 
(cf. Figure\4Cfy. Notice that after having given orientations to the curves Ci, 1 ^ i ^ k, the 
mapping class a inverse them. 



k is even ^ 2 : identity 

half-flip ( * ^ 




Figure 40: The product (T Cl (T C2 T Cl ) . . . (T Cfc . . . T C2 T Cl )) 2 when k is even. 

• ifkis odd, the tubular neighbourhood o/ciUc2U - • - Ucfc is a surface S (in grey on Figure \41\) 
of genus with two boundary components d\ and d,2, and the product 

(T Cl (T C2 T Cl ) . . . (T Ck . . . T C2 T Cl )) 2 equals the product T dl T d2 (cf. Figure \JJ\). □ 

Let k be an integer and let S be the surface in grey in Figure 1401 if k in odd or in Figure HU if 
k in even. Using Proposition IA.2| there is an obvious homomorphism from B^+i to A / !od(S, 9S) 
sending Tj on T Ci for all i ^ k + 1. Let us denote it by p re f. Then: 

Theorem A. 4 (Geometric embedding the braid group, Birman & Hilden, [BiHi]). 
The homomorphism p re { : Bk+i — > -Mod(X, d'S) is injective. 
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Figure 41: The product T Cl (T C2 T Cl ) . . . (T Cfc . . . T C2 T Cl ) when k is odd. 

The following Theorem is due independently to M. Dehn [D] and W.B.R. Lickorish [Lk]. For 
the proof of Part 1, the reader is referred to [Bi], Theorem 4.1. Part 2 is a consequence of Part 
1, using lantern relations (cf. [FaMa] section 5.1) in order to obtain the Dehn twists along the 
boundary curves. 

Theorem A. 5 (The mapping class group is spanned by Dehn twists). 

1. Let E 9j 6 be a surface whose genus satisfies g ^ 1. The group VMod(Tig t b) is spanned by 
the Dehn twists along the non-separating curves o/£ g {,. Actually, one can for instance consider 
only the curves drawn in Figure \J2] 

2. The same Dehn twists can be seen as lying in _Mod(£ 9) &, dUg^); in this case they span 
Mod(Z 9yb ,dZ g , b ). " " □ 




Figure 42: Curves in span VMod(E gj b)- 



A. 3 Periodic Mapping classes 

A. 3.1 Kerckhoff's Theorem, Riemann-Hurwitz formula, and related results 

According to the Nielsen realization theorem, every periodic mapping class on a closed surface 
is the isotopy class of an isometry of the surface with a specific metric depending on the mapping 
class (and of course, the isometry has the same order as the mapping class). Given a connected 
surface E together with a hyperbolic metric g, we denote by Isom + (S, g) the group of positive 
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isometries of (E, g), which is a subgroup of Diff + (E). This Theorem has been generalized by 
Kerckhoff to finite subgroups of _Mod(X) where <9E is possibly nonempty (cf.[Kel] and [Ke2]): 

Theorem A.6 ("Nielsen Realization Problem", Kerckhoff, cf. [Ke2]). 

Let E be a surface with a possibly nonempty boundary. Let T be a finite subgroup of A4od(T,). 
Then, there exists a finite group f o/Diff + (E) such that the natural homomorphism Diff + (E) — > 
.Mod(£) sends isomorphically T on T. Moreover, we can choose T as a subgroup of the isometry 
group of E equipped with a metric of constant curvature, where the boundary components are 
geodesies. 

Lemma A. 7 (Riemann-Hurwitz Formula). 

Let E be a surface with a possibly trivial boundary and let T be a finite subgroup of order m of 
Diff + (E) ; such that m ^ 1. Then E/T is a surface and the quotient map it : E — > E/T is a 
ramified covering. Let Qi, ■ ■ ■ ,Qe be the ramification points of it, and, for 1 ^ i ^ t, let o(Qi) be 
the number of preimages of Qi by it. Then the Euler characteristics of the surfaces E and E/T 
are linked by the formula: 

t 

X (S) + £(m - o(Qi)) = m. X (S/r). 
i=i 

□ 

Ramification points and singular points. 

The points of E/T whose number of preimages by it is smaller than |T| are called ramification 
points. Their preimages in E are called singular points. Let us make some remarks: 

• For all i, the group T acts transitively on TT~ 1 ({Qi}). For this reason, the cardinality of 
7T _1 ({Qi}), denoted by o(Qi), divides m. 

• When T is spanned by a unique element /, for all i ^ £, the action of / on 7T~ 1 ({Qi}) is 
cyclic, so TT^ 1 ({Qi}) belongs to Fix(/°^^), the set of fixed points of However, according 
to Lefschetz Theorem, the number of fixed points of / and of its powers depends only on the 
isotopy class of / (let us make clear that in Lefschetz Theorem, the number of fixed points takes 
into account the multiplicity of each fixed point, but in the case of nontrivial isometries, this 
integer always equals 1). Hence the data of i and {o{Qi) , 1 ^ i ^ £} is an invariant of the 
isotopy class of /. Since x(E/(/)) and the number of boundary components of E/(/) are also 
invariant by isotopy on /, the surface itself is an invariant of the isotopy class of /. 

• This lemma together with Kerckhoff 's Theorem have a lot of corollaries and here are some of 
them that we will use in this paper. 

Corollary A. 8 (Fixed points and preserved boundary components preserved). 
Let E be a surface E 9 5 and let F be a periodic mapping class of Alod(E) of order m. Then, the 
sum of the number of boundary components preserved by F and the number of fixed points of F 
is bounded by 2 + . 

Proof. Let F be a diffeomorphism of order m representing F. Let b' be the number of boundary 
components preserved by F and let £' be the number of fixed points of F. Let V be the set of 
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boundary components of S that are not fixed by F. Let £' be the surface obtained from £ where 
each boundary components of T> have been filled. Let F' the diffeomorphism induced by F on 
S'. Let us apply Lemma lA,7l to F', and let us adopt the notation of the statement. The order 
m of F' (equal to the order of F) coincides with the order of the group T = (F 1 ). In addition, 
notice that: 

. x(S') = 2 - 2g - b>; 

• for all fixed point Q, we have o(Q) = 1; 

• T,Li(m-o(Qi))^£'(m-l); 
. X (E'/T) ^ 2 - V . 

Finally, we get: 

(2-2g- b') + l'(m - 1) < m.(2 - b'), 

whence: 

(m - l)b' + t'(m - 1) ^ 2(m - 1) + 2g, 
whence the formula: b' + £' ^ 2 + ^ . □ 

The following corollary is the special case g = 0. 

Corollary A. 9 (Periodic mapping classes on a sphere). 

Let S be a holed sphere and F a periodic mapping class of A4od(S). If there exist at least three 
boundary components in S preserved by F, then F is the identity of Aiod(S). □ 



Finally the following result is a technical corollary of Lemma [A . 71 which gives an upper bound 
to the cardinality of a finite subgroup of the mapping class group of a surface X of genus g. It 
is due to Hurwitz. For a proof, see [FaMa], section 6.2. 

Corollary A.10 ("84( 5 - 1)" Theorem). 

Let £ be a connected surface of genus at least 2 without boundary . The order of a finite subgroup 
of the mapping class group is bounded by 42|x(S)| (which is equal to 84(g — 1)). □ 

When the finite subgroup of the mapping class group is cyclic, we have much more precise upper 
bound: 

Proposition A.ll ("4g + 2" Theorem). 

The order of a periodic mapping class in A / Jod(S 9i o) * s bounded by 4g + 2. 

We need a more general statement when g = 1. 

Lemma A. 12 (Order of periodic mapping classes in VMod(T,i t b), b ^ 0). 

Any mapping class of VA4od(T,i {,) with b ^ is of order smaller than or equal to 6. 

Proof. When b = 0, this is the a 4g + 2" theorem. When b = 1, it comes from the fact that 
A^od(Si i o) = A4od(Si i i). For the case b = 2, we use the fact that VMod^i^) is isomorphic 
to the quotient of by its center, and it is well-known that the order of the periodic elements of 
B n modulo its center is smaller than or equal to n. Finally, when 6^3, according to Corollary 
IA.8| for any periodic element of order m we have the inequality 6^2 + where g = 1, hence 
m ^ 1 + t^. So m ^ 3. In all cases, the order of a periodic mapping class is less than or equal 
to 6. □ 
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A. 3. 2 When periodic mapping classes preserve a boundary component 

In this subsubsection, we consider a surface E with a nonempty boundary, we choose a 
boundary component d, and look only at the mapping class group of E that preserve globally 
d. All the following results are based on a classic result coming from the Riemannian manifolds 
theory: 

Lemma A. 13. Let M a Riemannian manifold and f an isometry on M . If f fixes a point x 
and if its differential in x is the identity, then f is the identity. We have the same conclusion 
when f fixes a boundary curve of M pointwise. □ 

Corollaries of Lemma lA.13i Lemma [A, 131 is fundamental to the comprehension of the periodic 
mapping classes and induces many essential corollaries in this paper: 

• Lemma |A. 141 "If <9E is nonempty, then Alod(E, <9E) is torsion-free." 

• Corollary IA. 151 of Lemma IA. 141 which allows us to deduce the existence of some peri- 
odic mapping classes from the existence of some other periodic mapping classes lying in 
"smaller" subsurface (i.e. of smaller genus or of greater Euler characteristic). 

• Lemma [A. 161 "IfdT, is nonempty and if d belongs to Bndy(E), then any finite subgroup of 
A4od^(E) is cyclic." 

Lemma A. 14 (Behaviour of periodic mapping classes in the neighbourhood of <9E). 

Let J] be a connected surface such that <9E ^ 0. Let d be a boundary curve o/E and let A4od(E, d) 

be the group of the mapping classes of E that fix d pointwise. Then the group A / Jod(E, d) is 

torsion-free. Moreover, let F be a periodic mapping class of period m ^ 2 and belonging to 

A / Jod(E, d). Then there exists an integer I coprime to m such that F m = Tj (in particular, I is 

nonzero). 

Proof. Remember that a mapping class in Alod(E, d) is said to be periodic if one of its nonzero 
power induces the trivial mapping class in A / lod(E). So any mapping class that would belong 
to the torsion of A^od(E, d) is by definition a periodic mapping class. However if we show that 
any nonzero power of any periodic mapping class is nontrivial in A4od(E, d), we will have shown 
that Alod(E, d) is torsion-free. So the second part of Lemma [A . 141 implies the first part. Hence, 
by showing the second part, we will be done. 

Let F be a diffeomorphism in Diff + (E, d) which represents F and fixes d pointwise. Let d' 
be a curve isotopic to d in E that lies outside of <9E. Let us call V the compact cylinder included 
in E whose both boundary components are d and d'. Let E' be the closure of the complement 
of V in E (cf. Figure [43]). 

Let us apply the Nielsen - Kerckhoff realization theorem: there exist a hyperbolic metric g 
on E' and an isometry F\ of (E', g) representing the restriction of F to E'. Let us denote by 
/ the restriction of -Fi to d'. Since F\ is a periodic isometry of order m, there exists an integer 
k such that / is a rotation of angle on d' equipped with the induced metric. But for all 
p € {1, 2,..., m — 1}, the mapping class (ford(i ? )) p (where for^(i ? ) is the mapping class induced 
by F in A / lod(E)) is different from the identity, so according to Lemma [A.13| f p is different from 
the identity. Hence k is coprime to m. 

Let A be the annulus [0, 1] x S 1 and (p a positive diffeomorphism of V in A such that 
<f>{d) = {0} x S* 1 and 4>(d') = {1} x S 1 (cf. Figure [43]) . Moreover, we can construct cf> so that the 
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Figure 43: The situation described in proof of Lemma lA. 141 

map <fi o / o (p^ 1 from {1} x S 1 to {1} x S 1 coincides with the function (1, e %e ) H> (1, e^ e+ ^)), 
for / is an angle rotation on d'. We extend / on V (cf. Figure |44|) by setting for all t € [0, 1] 
and 9 6 [0, 2tt[: 




Figure 44: Image of the segment [0, 1] x {1} by / and f m . 

In this way / fixes d pointwise and coincides with F\ on d'. Let F% be the homeomorphism of 
E fixing d pointwise and coinciding with / on V and with F\ on E'. By definition of a Dehn 
twist, the isotopy class of the homeomorphism F™ is equal to 6 .Mod(E, d). Let G be the 
mapping class of A / tod(E, d) containing the homeomorphism FF^ 1 - By construction, we have 
for d{F) = for^(F2), so, according to the following central exact sequence: 

1 -> (T d ) -»• >Jod(E, d) ^4 Xod d (E) -> 1, 

the isotopy classes of F and F^ 1 in 7V4od(E, d) commute, so the homeomorphisms (FF^ 1 )" 1 
and F m F 2 " m are isotopic, hence G m = F m T^ k . But for rf (F) = for rf (F 2 ), so, according to the 
same exact sequence, there exists an integer j such that G = Tj. These two last equalities imply 
that F m = G m T^ = xj m+k : and jm + k is coprime to m. □ 

Let us give a corollary of Lemma IA. 141 that will allow us to show the existence of some 
periodic mapping classes from periodic mapping classes defined on 11 smaller" surfaces (i.e. of 
smaller genus or of greater Euler characteristic). 

Corollary A. 15 (Rebuilding a periodic mapping class). 

Let E be a connected surface. Let L be a finite set and let Ai = {ai, i € 1} be a curve simplex 
in E. For all i & I, we denote by af and a~ the boundary components of E_4 7 coming from the 
cut of Ai along the curve ai. Let F be a periodic mapping class of A / (od(E^ J ) of order two that 
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preserves {af , a i } for all i G I. Then there exists a unique periodic mapping class F G A / Jod(S) 
of order two such that F induces F in A'lod(S_4 J ). 

Proof. 

1. Notation 

Let J and K be two subsets of / such that J U K forms a partition of / and such that for all 
j G J, the boundary components and aj of are swapped by F, whereas for all k G K, the 
boundary components and a^T of S_4 7 are not. Let Aj = {aj, j G J} and = {a^, k G -ftT}. 



2. Existence of F 

Let i<\ be a diffeomorphism of Diff + (S^ 7 ) of order 2 representing i 7 . We construct a diffeomor- 
phism of Diff + (S^ X ) by identifying in and aj thanks to the following relation in 

X^: for all pairs of points (x, y) G S^ij, 

{x = y, 
or 
x, y £ a~j U aj and y = 

The differential structure of induced by the one of is well-defined up to conjugation by 
a diffeomorphism (cf. [Hi] page 184: Gluing Manifolds Together)] and by construction, F 2 is a 
diffeomorphism of ^A K - Let ^2 be the mapping class of A4od(X^4 x ) containing F2. It is clear that 
F2 is periodic of order two. Notice that Fi preserves each boundary of, A; G K , e G {+, — }. One 
can then define F% as being a representative of F2 in .Mod(X^ K , {a^ , a7~, fc G i^}). According 
to Lemma |A,14( for all k £ K, there exist two odd integers and such that: 



f3 2 = n M ^T m *. 

Let i*4 be the mapping class of .Mod(E) obtained by identifying the boundary components 
and a^T for all k £ K. Thus -F4 satisfies the equality: 

r i — LLkeK ±a k 

Let us set F5 = -F4 ( rifcex -^a* ) ^ wnere > f° r an k £ K, the rational £fc defined by = mfc ^ mfc is 
an integer since and are both odd. Since this product is commutative, we have F§ = Id . 
By construction, the mapping class F$ fixes the curves of Ai and induces in 7Wod(E^4 J ) the 
mapping class F . So the mapping class F5 plays the role of F in the statement of Corollary 

EHUD 

3. Uniqueness of F 

Let us assume that there exist two mapping classes F and F' in A1od v 4 J (E) such that F 2 = 
F' 2 = Id and such that F and F' induce F in A / lod(E v 4 / ). According to the following exact 
sequence: 

1 (T ai , £€?!)—► Mod^(E) -> A4od(IU,) 1, 

there exist some integers pi, i £ I and a mapping class W = Ilie/^ 1 sucn that ^" = -FW. 
But i* 1 and F' fix the curves of Ai, so these two mapping classes commute with W and we have 
{FF'~ 1 ) 2 = W 2 . However, FF'" 1 is periodic of order two as a commutative product of two 
periodic mapping classes of order two, so the mapping class W 2 = Y\iei Ta^' is trivial. Then for 
all i G I, we have 2pi = 0, so W is trivial. Therefore F = F' . □ 
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Lemma A. 16. Let S be a connected surface with a nonempty boundary and let d be a boundary 
component. Any finite subgroup of Alodrf(S) is cyclic. 

Proof. Let T be a finite group included in A'fodd(E). According to Kerckhoff's Theorem (cf. 
Theorem IA.6|) there exist a hyperbolic metric g on £ and a finite group T of Isom + (S, g) that 
is sent isomorphically on T by the natural homomorphism Diff + (E) — > Alod(S). Let us give an 
orientation to d and define the map 

6 : f-»M/27rZ 

that sends an isometry K to the angle of the induced rotation by K on d. It is clear that 6 is a 
homomorphism. According to Lemma IA.13[ any isometry that fixes d pointwise is the identity, 
so 9 is an injective homomorphism. Thus V is isomorphic to a finite subgroup of IR/27rZ, hence 
r is cyclic. □ 



A. 4 The theory of Pseudo-Anosov diffeomorphisms. 

We will now recall the fundamental results of the theory of the pseudo-Anosov diffeomor- 
phisms on surfaces without boundary, in order to prove Proposition ??. There exists a very rich 
literature concerning this theory. In this subsection, we will lean mainly on the article of C. 
Bonatti and L. Paris [BoPa], section 2. The classic references are [FLP], [Th], [BICa], [Iv2]. Let 
us begin by a remark on the terminology concerning the "pseudo-Anosov diffeomorphisms". In 
this subsection, £ is a surface without boundary. 

Pseudo-Anosov diffeomorphisms and homeomorphisms. Let us recall that the "pseudo- 
Anosov diffeomorphisms" on a surface £ are actually both homeomorphisms on £, and diffeomor- 
phisms on the surface £ minus a finite number of points. In the neighbourhood of these points, 
called singular points, the homeomorphisms are not differentiable although they are perfectly 
known, cf. [BoPa]. For this reason C. Bonatti and L. Paris [BoPa] speak about "pseudo-Anosov 
homeomorphisms" when we speak about "pseudo-Anosov diffeomorphisms", but we deal with 
the same objets. Let us recall that there exist true diffeomorphisms in the isotopy class of a 
"pseudo-Anosov diffeomorphism" (isotopic means here linked by a path of homeomorphisms) 
and a "pseudo-Anosov diffeomorphism" defines always a unique isotopy class of true diffeomor- 
phisms, so it defines a unique mapping class. 

Properties of pseudo-Anosov diffeomorphisms. The fundamental theorem of the pseudo- 
Anosov theory, due to Thurston (cf. [BICa], [Th]), is the following: 

A mapping class F € A^(£) is pseudo-Anosov in the sense of Definition ??, if 
and only if there exists a "pseudo-Anosov diffeomorphism" (cf. below) F € Diff(£) 
representing F. 

Instead of a definition of 11 pseudo-Anosov diffeomorphism", we describe some of their properties. 
This will be enough for our purpose. Let F be any 11 pseudo-Anosov diffeomorphism" in Diff(£). 
By definition, F satisfies the following properties: 

The foliations F s , T u , Singular points, separatrices and indexes. There exist a finite set 
S of points in S preserved by F and a pair of transverse measured regular foliations on £ \ S. 
We say we have a unique pair of transverse measured singular foliations T s and F u invariant by 
F on £ that are preserved by £. These foliations are called the stable and unstable foliations 
(cf. [BoPa]). An integer k ^ 3 is associated to each singular point P G S and corresponds to 
the number of leaves of J- s that end in P (taking F u instead of J- s would have lead to the same 
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number). These leaves ending in a singular point will be called separatrices (cf. [BoPa]). The 
integer k associated to a singular point P will be denoted by Ind(J rs , T u : P) and called the 
index of (J 75 , F u ) at the singular point P. Let us put the emphasis on the fact that for any 
P G S, we have Ind(J 7S , F u : P) ^ 3. Furthermore, each separatrix contains a unique singular 
point (cf. [BoPa] proposition 2.1, assertion (3)). The indices and the Euler characteristic of £ 
satisfy the following (see [FLP], Expose 5): 

Proposition A. 17. 

Pes ^ 



The group Norm(J 7S , F u ) and the homomorphism L. Let us denote by Norm(7 rs , T u ) the 
set of diffeomorphisms of Diff (S) that preserve F s and J 7 ". The elements of Norm(J-" s , J 7 ") send 
the singular points on singular points of same index. They are either pseudo-Anosov or periodic. 
Proposition IA.181 gives the main properties of the dilatation coefficient A"(.) (cf. [BoPa]) of the 
diffeomorphisms of Norm(J-~ s , J 7 "), using the homomorphism 

Norm(J" s , T u ) — ► R 

G — ► log(A u (G)) ■ 

We won't use the definition of the dilatation coefficient, but only the existence of the homomor- 
phism L and Proposition IA.181 below. 

Proposition A. 18 (Properties of L). 

The homomorphism L : Norm(J-" s , J 7 ") — > R (depending on the pseudo-Anosov diffeomorphism 
F ) satisfies the five following properties: 

(i) the real number L(F) satisfies L(F) > 0, 

(ii) the image of L is isomorphic to Z ; 

(Hi) the kernel Ker (L) acts freely on the set of separatrices of T u , 
(iv) the kernel Ker (L) is a finite group. 

Proof. 

(i) By definition of the dilatation coefficient, L(F) = log(A n (-F)) satisfies L(F) > for 
X U (F) > 1 (cf. [FLP], Expose 9). 

(ii) We refer to [ArYo] for this result. 

(iii) Since Ker (L) is included in Norm(J 7S , J 7 "), the elements of Ker (L) preserve J 7 " and 
permute the separatrices. According to Lemma 2.11 of [BoPa], the induced action by 
Ker(L) on the set of separatrices of F u is free (the group Ker(L) is denoted by Sym(J 7S , F u ) 
in [BoPa]). 

(iv) Since S is finite and since only a finite number of separatrices end in each singular point, 
the set of separatrices is finite. But Ker(L) acts freely on it, hence Ker(L) is a finite group. 

□ 
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Let us recall that for all pseudo-Anosov mapping classes F G A4od(S), we have defined 
Centr(F) as being the set of mapping classes G G Mod(T,) such that for some nonzero integer 
m, the mapping classes G and F m commute (cf. Definition ??). 

Let us make clear that the group Centr(i ? ) contains the centralizer of F, but is not equal to 
it in general. The aim of this definition is to prepare the following proposition which establishes 
an isomorphism between Centr(i ? ) and Norm(J rs , F u ). 



Proposition A. 19 (Realization of Centr(F) in Norm(.F s , F u )). 

Let F be a pseudo-Anosov mapping class of A4od(S) and let F s and F u be the stable and 
unstable foliations of a pseudo-Anosov diffeomorphism F representing F . Then there exists a 
unique isomorphism 

Centr(F) — ► Norm(J' s , F u ) 
V 1 G i — V G 

where for all G G Centr(F), G is a representative of G in Norm(J rs , F u ). 



Proof. We show actually the existence of the inverse isomorphism of ip that we denote by <p in 
this proof: 

Norm(.P, F u ) — > Centr(F) 
: G i — > G ' 

where G is the isotopy class of G. There exists a nonzero integer k such that F k fixes all the 
separatrices. 

Let us first show that <p is well-defined. For any diffeomorphism G belonging to Norm(J" s , J 7 "), 
GF k G~ 1 F~ k belongs to Norm(J-" s , F u ) and fixes all the separatrices. But since L is a homo- 
morphism in R, L(GF k G~ 1 F~ k ) = 0, so GF k G~ 1 F~ k = Id Hence G commutes with F k , hence 
G belongs to Centr(F). 

Let us show that the homomorphism <fi is injective. For any diffeomorphism A G Ker ((f)), 
A is isotopic to the identity. Then A preserves the isotopy class of curves, hence A cannot be 
pseudo-Anosov, hence A is a diffeomorphism of finite order, isotopic to the identity. According 
to [FLP], Expose 12, this implies that A is the identity. 

At last, let us show that the homomorphism 4> is surjective. Let G be an element of Centr(F): 
there exists a nonzero integer i such that G and F l commute. Let G' be a representative of G in 
Diff(S / , V); then G'F^G' is isotopic to F e , so according to Theorem III, Expose 12 in [FLP] 
(see also Theorem 2.14 in [BoPa]), there exists a diffeomorphism H isotopic to the identity such 
that HG'F\HG>)- 1 = F e . Let us set G = HG>. We get then GF^G~ l = F e . Hence G 
preserves the stable and unstable foliations of F e , hence G belongs to Norm(J" s , F u ). Thus any 
G of Centr(F) has an preimage in Norm(J 7S , F u ). □ 

We are now ready to prove Proposition ??. 
Proposition ?? (Structure of Centr(F)). 

Let S be a connected surface without boundary and let F be a pseudo-Anosov mapping class in 
_Mod(£). There exists a surjective homomorphism ip : Centr(F) — > 7L satisfying the following 
properties: 

(i) The kernel Ker (ip) coincides with the set of all the finite order mapping classes o/Centr(F). 

(ii) The kernel Ker (ip) is a group of order smaller than or equal to 6|x(S)|. 
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(iii) The homomorphism £p does not depend on F, but only on Centr(i ? ) up to the sign. If for 
two pseudo-Anosov F and F' there exist two positive integers p and q such that F p = F' q , 
then Centr(F) = Centr(F') and £ F = £p< . 

(iv) The group Centr(i ? ) is a semi-direct product Per x Z where Per is a finite group isomorphic 
to Ker {If)- I n particular, Centr(i ? ) is virtually infinitely cyclic. 



Proof. Let S be a surface without boundary. According to Proposition IA.19[ there exists an 
isomorphism tp : Centr(i ? ) — > Norm(J 7S , F u ), G i— > G, such that G is a representative of G. 
Let £p be the homomorphism Loip, that we normalize, so that Im {£p) = Z. Let us prove items 
(i), (ii) and (iii). 

(i) It is clear that for all G € Centr(F), if £f(G) ^ 0, then for all integers m different from 1, 
£i?(G m ) ^ £f{G), so G is not of finite order. In the contrary, Ker {£p) is equal to tp -1 (Ker (L)) 
which is finite, so the elements of Ker {If) are of finite order. 

(ii) According to Proposit ion I A . 1 9| the homomorphism tp is an isomorphism, so J£er{£), which 
is equal to Ker (Lo^i), is isomorphic to Ker (L). Let us compute the cardinality of Ker (L). 
According to Proposition IA. 18l (iv) . we know it is finite. 

Let us recall that all the indices of the singular points are greater than or equal to 3. We 
lean on Proposition IA.171 

x(^E(i- M( ^f :F) 

Pes ^ 

The surface S is of negative Euler characteristic, so the set of singular points is nonempty. Let 
X be the set of all the separatrices of T u . Let P be a singular point and let k be the index 
Ind(J-" s , T u : P). The k separatrices ending at P bring together a (l — ^-contribution to 
the Euler characteristic of S, so each of them bring a contribution of \ — \- Since k ^ 3, 
the contribution per separatrix ending at P to the Euler characteristic of S is smaller than or 
equal to — g. This is also true for all the separatrices of F u , so the cardinality of X, the set of 
separatrices of J- u , must equal at most 6|x(S) |. Now the action of Ker (L) on X is free according 
to Proposition I A . 1 8l (iii) . so the cardinality of Ker (L) is smaller than or equal to the cardinality 
of X, whence: 

|Ker {L)\ < %(S)|. 
But Ker (L) is isomorphic to Ker {£p) via ip, so: 

|Ker {l F )\ <6|x(S)|. 

(iii) Let G be a pseudo-Anosov mapping class such that Centr(G) = Centr(i ? ) and let £q 
and £p be the two homomorphisms associated to G and F . The periodic elements of Centr(G) 
and Centr(F) are the same, so Ker {£q) = Ker {£f)- Hence we have the following commutative 
diagram where the lines are exact and the vertical full arrows are equalities. It follows that the 
dotted arrow is an isomorphism. 

1 ► Ker (to) ► Centr(G) > Z > 1 



1 > Ker {£ F ) > Centr(F) > Z ► 1 
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But £p (respectively £q) is the quotient map Centr(G) — > Centr(G)/Ker (£q) = Z (resp. 
Centr(F) — > Centr(F)/Ker (£p) = Z). Hence £g and £p coincide up to an isomorphism of 
Z, so lp and Iq are equal up to multiplication by —1. 

Let F and F' be two pseudo-Anosov mapping classes such that there exist two positive 
integers p and q such that F p = F' q , let lp and ip* be the two homomorphisms associated to F 
and F' . Since F p = F' q , we have Centr(F) = Centr(F'), so according to what precedes, 1 = 1' 
or I = — Let u and v be two positive integers such that £f(F) = u and £fi(F') = v. Then 
£f(F p ) = pu and £ F '{F P ) = £pi(F' q ) = qv, so £f(F p ) and £ F '{F P ) have the same sign, hence 
£ F = £ F >. 

(iv) Let M be a mapping class of Centr(F) such that £(M) = 1. Then the quotient set 
Centr(F)/(M) is in bijection with Ker {£), so we Jiave [Centr(F) : (M)] = |Ker (£)\. Thus (M) 
is an infinite cyclic subgroup of finite index of Centr(i ? ). Moreover, the exact sequence 

1 ->• Per Centr(F) Z 1 

is split since the last but one term of the sequence is Z. So Centr(F) is a semi-direct product. 
This is a direct product if and only if there exists a pseudo-Anosov mapping class belonging to 
£ F 1 ({1}), whose action on the separatrices is trivial. □ 

A. 5 Reducible mapping classes, Thurston's theory and the canonical reduc- 
tion system 

Lemma A. 20 (Canonical reduction system on subsurfaces). 

Let E be a surface and £' be a subsurface of T, non-homeomorphic to a pair of pants. Let F be a 
mapping class of M.od(Y,) that preserves £' and let F' in A4od(S') be the restriction of F to 

(i) If there exists a reduction curve of F in Curv(E) that is not included in £ \ then there 
exists a reduction curve of a nonzero power of F' in Curv(S'). 

(ii) Let x be a curve belonging to Curv(S'). If there exists a reduction curve of F in Curv(E) 
that intersects x, then there exists a reduction curve of a nonzero power of F' in Curv(S') 
that intersects x. 

(Hi) Any curve of a(F) non-isotopic to a boundary component ofT! is included either in £' or 
in E \ £'. 

(iv) Moreover, a(F') = a{F) n Curv(E'). 

Proof. Item (ii) implies item (i): it is indeed enough to choose a curve x in E' that intersects a 
reduction curve of F. Then, according to item (ii), there exists a reduction curve of F' included 
in £'. 

Let us show item (ii). Let x be a reduction curve of Curv(E'), let c be a reduction curve 
of F that intersects x. We are going to show that there exists a reduction curve d of F' that 
intersects x. 

If c is included in £', there is nothing to be shown. Let us now assume that c is not included 
£'. As the curve c intersects the curve x, which is included in £', then c must intersect <9£'. 
Consequently, the intersection cflE' consists in a finite nonzero number of paths with extremities 
in dT,'. Then there exists a nonzero integer m such that F m preserves each boundary of £' and 
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preserves each connected component of c R Since J(c, x) ^ 0, at least one of these paths 
cuts the curve x. Let us choose one such path which we call d. The extremities of d lie in one 
or two boundary components of In both cases, let P be the pair of pants corresponding 
to the intersection of £' with the tubular neighbourhood of the union of d and the boundary 
components of £' containing the extremities of d (darkened in Figures [45] and |46|) . Then F 2m 
preserves each boundary component of P. Notice that no boundary component of P can bound 
any disk: 

• if P has only one boundary component a in <9X', then both of the other boundary compo- 
nents are isotopic to the union of a path included in a and a path included in d, but a and 
d do not cobound any bigon, so both boundary components of P different from a cannot 
bound any disk; 




Figure 45: The pair of pants P in when both extremities of d belong to the same boundary 
a of 



• and if P has two boundary components in both of these boundary components do 
not bound any disk. Moreover, as they are not isotopic in S, they do not cobound any 
cylinder. So the third boundary component of P cannot bound any disk. 




a 2 



Figure 46: The pair of pants P in £' when both extremities of d belong to two distinct boundary 
components a\ and a 2 of 



Notice also that the curve x cannot be one of the boundary components of P, for x and d 
intersect. The curve x cannot be included in P for any curve that is included in a pair of pants is 
isotopic to one of its boundary components. Consequently, there exists a boundary of P, say c', 
that intersects x. This boundary c' cannot be a boundary component of X' because the boundary 
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components of E' do not intersect x. Hence d belongs to Curv(E'), is stable by F 2m , so is stable 
by (F') 2m , and intersects the curve x. We have proved item (ii). 

Let us show item (iii). The mapping class F preserves E', so F(Bndy(E')) = Bndy(E'), so 
the curves of Bndy(E') are reduction curves of F. But no curve of a(F) intersects any reduction 
curve of F, hence any curve of o~(F) that is not isotopic to a boundary component of E' is 
included either in E' or in E \ E'. 

Let us show item (iv). Let x be a reduction curve of F'. If x is not an essential reduction curve 
of F, then there exists a reduction curve c of F in Curv(E) that intersects x. Then according 
to item (ii), there exists a nonzero integer m and a reduction curve c' of (F') m in Curv(E') that 
intersects x. Hence x is not an essential reduction curve of (F') m . But a(F') = a((F') m ), so 
x is not an essential reduction curve of F'. In other words, we have cr(F') C cr(F) n Curv(E'). 
The converse inclusion is obvious: if a curve belongs to cr(F), it belongs a fortiori to cr(F'). 

□ 

Lemma A. 21 (Characterization of the essential reduction curves). 

Let E be a surface and let F be a mapping class in .Mod(E). Let a be an oriented curve such 
that F preserves a and its orientation. Then, there exist two connected subsurfaces Si and S2 
(they may be equal) in E such that: 

• the curve a bounds Si (respectively S2) on the left (rep. on the right), 

• both surfaces Si and S2 are stable by F, 

• for all i € {1, 2}, the mapping class induced by F in Aiod(Si), denoted by F\ s ., is either 
periodic or pseudo-Anosov. 

Let us denote by S12 the union of Si and S2 along a. Let us denote by F\ the mapping class 
induced by F in ftAod(Si2)- Then a belongs to cr(F) if and only if we are in one of the three 
following cases: 

a) F\ s or F\s 2 is pseudo-Anosov; 

b) F\ s and F| g are both periodic of the same order m ^ 1, and F m \ s is a nontrivial power 
of a Dehn twist along the curve a; 

c) F\ s and F| g are periodic with orders mi and ni2 respectively such that mi ^ m2- 

Proof. Let T be the set of curves &(F) U {a}. Let us give to a an orientation and let us denote 
by Si (respectively S2) the connected component of Ep bounding a on the left (resp. on the 
right). For all % G {1, 2}, notice that ) = 0, so F| s is either pseudo-Anosov, or periodic. 

Moreover, the surface S12 cannot be a pair of pants, so there exist some curves in Curv(5i2) that 
intersect a. 

Let us show first that if a belongs to cr(F), then one of the cases a), b) or c) is satisfied. 
The cases a), b), c) describe all the possible cases except the one where and F| g are both 
periodic of order m ^ 1 and where F m | s coincides with the identity. Let c be a curve of 
Curv(Si2) which intersects a. But this curve c is preserved by F m , so c is a reduction curve of 
F m . Therefore a cannot belong to a(F m ). So a does not belong to cr(F). 
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Conversely, let us show now that each case a), b), or c) implies that a G cr(F) (or that there 
exists a nonzero integer p such that a € cr(F p ), which is equivalent). 

In the case a), let us denote by £' the subsurface Si or S2 on which F induces a pseudo- 
Anosov mapping class. Then £' is not a pair of pants. If there existed a reduction curve c of 
F that intersected a, it would not be included in £ \ so we could apply item (i) of Lemma 
IA.20I there would exist a reduction curve c' of a nonzero power of F that would be included in 
£' (cf. Figure |47|) . This is absurd for the restriction of F (and of its nonzero powers) to £' is 
pseudo-Anosov. Hence any curve c of Curv(S) such that I(a, c) 7^ is not a reduction curve of 
F, so the reduction curve o of F is an essential reduction curve of F. 




Figure 47: Description of the case a) in the proof of Lemma I A .211 

In the case b), there exists a nonzero integer t such that (F\ s 2 ) m = T*. But then for any 
integer p and any curve c in Curv(Si2) intersecting a, applying the famous intersection formula 
between a curve and its image by the power of a Dehn twist (cf. [FLP]], we have: 

/((F| 5i2 ) m P(c), c) = l{T a £p (c), c) = \£p\ I(a, cf + 0. 

Hence no curve c that intersect a can be preserved by some power of (F\ s ) m , hence a belongs 
to a((F\ s ^) m ). Hence a belongs to a{F m ) according to item (iv) of Lemma lA.201 

In the case c), S\ and S2 cannot be equal. For all i € {1, 2}, let A / Jod(5',, a) be the set of 
isotopy classes of diffeomorphisms of Si fixing (a representative of) the curve a pointwise, and let 
Fi be a mapping class in Aiod(Si, a) such that Fj induces the mapping class Fi in A / [od(5j). 
Let us introduce some notation: 

• For two integers k and £, let us denote their greatest common divisor by k A i and their 
least common multiple by kV I. 

• For all i £ {1, 2}, let di be an integer such that F^ 1 * = with di A mi = 1 according to 
Lemma IA. 141 

• Let us set m' = = ™iY™2. 

• Let us set m' 2 = m ™^ m2 = mi ^" 2 ; thus, m! x and m' 2 are coprime. 
Then for all i G {1, 2}, we have 

z7 (miVm 2 ) rp ( ^ a i) r r m (3-i) (li 

r i = l a = la 

Hence there exists an integer q such that: 

^ j(miVm 2 ) _ rpim'zdi+m'^) j,^(miVm 2 ) 

Since mi and 771,2 are different, one of them, by instance 7772, is not equal to mi V 771-2, so 
rrii is different from 1. But d\ and are both coprime with m[, so m' 2 di is coprime with 



121 



m'i. Now m'i divides m' 1 d2 + V ni2), so is coprime with m' 2 di + m' 1 d2 + q(mi V 1712), so 
m 2 di +771^2 +g(mi VTB2) is nonzero. Hence ^)( m i Vm 2) j s a nQ nzero power of T a . Thus, if we 
set p = (mi V 777-2) and if we consider F p instead of F, then we are back to the case b) with m = 1. 

□ 

As a corollary, we establish a link between the canonical reduction systems of F, G and FG, 
assuming that F and G are two commuting mapping classes. 

Proposition A. 22. Let F and G be two commuting mapping classes. Then, 

a(FG) C a{F)Ua{G). 

Proof. Let a be a curve belonging to a{FG). Since FG commutes with F and with G, we have 
I(a, cr(F) U o~(G)) = 0. Let us set A = o~(F) U cr(G). Let us assume that a does not belong to 
A and let us show that this is absurd. 

Let m be a nonzero integer such that F m and G m preserve each subsurface in 5ub^(5]). 
According to Lemma IA.20I (iv) , the restrictions of the mapping classes induced by F and G on 
each subsurface in <Sub_4(£) have empty canonical reduction systems, so they are either pseudo- 
Anosov or periodic. We can even assume that they are either pseudo-Anosov or the identity 
mapping class, provided that the integer m is large enough. 

Since a does not belong to A although I(a, A) = 0, there exists a subsurface S belonging 
to 5ub_4(S) such that a is included in S. Since F and G commute with FG, they preserve 
a(FG), so we can assume that F m and G m preserve a, even if it means multiplying m by some 
positive integer. Therefore a is a reduction curve of F m and G m . So the restrictions of F m 
and G m to S cannot be pseudo-Anosov, so they are the identity mapping class. Hence the 
restriction of (FG) m to S is equal to the identity mapping class, hence according to Lemma 
IA,21( the reduction curve o of FG cannot be essential. This is the expected contradiction. 

□ 
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